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variable is given by p(x) = Nix|p, C) where now
C=WW"' .+ (12.65)

As with probabilistic PCA, this model is invariant to rotations in the latent space.

Historically, factor analysis has been the subject of controversy when attempts
have been made to place an interpretation on the individual factors (the coordinates
in z-space), which has proven problematic due to the nonidentifiability of factor
analysis associated with rotations in this space. From our perspective, however, we
shall view factor analysis as a form of latent variable density model, in which the
form of the latent space is of interest but not the particular choice of coordinates
used to describe it, If we wish to remove the degeneracy associated with latent space
rotations, we must consider non-Gaussian latent variable distributions, giving rise to
independent component analysis (ICA) models.

We can determine the parameters g, W, and ¥ in the factor analysis model by
maximum likelihood. The solution for g is again given by the sample mean. How-
ever, unlike probabilistic PCA, there is no longer a closed-form maximum likelihood
solution for W, which must therefore be found iteratively. Because factor analysis is
a latent variable model, this can be done using an EM algorithm (Rubin and Thaver,
1982) that is analogous to the one used for probabilistic PCA. Specifically, the E-step
equations are given by

Elz,] = GWT¥ '(x, - X) (12.66)
Elzn2z.] = G +E[z,]E[z.]" (12.67)

where we have defined .
G=(T+W'e 'w) (12.68)

Mote that this is expressed in a form that involves inversion of matrices of size M =< M
rather than I3 = [} (except for the [) »« I diagonal matrix ¥ whose inverse is trivial
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to compute in O(D) steps), which is convenient because often M < D. Similarly,
the M-step equations take the form

N N -1
Wrew = [Z(xn—i)E[zn]T] ZE[ZHZZ]] (12.69)

n=1

N
new  __ : 1 \T
T = diag {s = Waew 5 > Elza](xn - X) } (12.70)

where the ‘diag’ operator sets all of the nondiagonal elements of a matrix to zero. A
Bayesian treatment of the factor analysis model can be obtained by a straightforward
application of the techniques discussed in this book.

Another difference between probabilistic PCA and factor analysis concerns their
different behaviour under transformations of the data set. For PCA and probabilis-
tic PCA, if we rotate the coordinate system in data space, then we obtain exactly
the same fit to the data but with the W matrix transformed by the corresponding
rotation matrix. However, for factor analysis, the analogous property is that if we
make a component-wise re-scaling of the data vectors, then this is absorbed into a
corresponding re-scaling of the elements of W.

Kernel PCA

In Chapter 6, we saw how the technique of kernel substitution allows us to take an
algorithm expressed in terms of scalar products of the form xTx’ and generalize
that algorithm by replacing the scalar products with a nonlinear kernel. Here we
apply this technique of kernel substitution to principal component analysis, thereby
obtaining a nonlinear generalization called kernel PCA (Scholkopf et al., 1998).
Consider a data set {x,} of observations, where n = 1,..., N, in a space of
dimensionality D. In order to keep the notation uncluttered, we shall assume that
we have already subtracted the sample mean from each of the vectors x,,, so that
>, %n = 0. The first step is to express conventional PCA in such a form that the
data vectors {x,} appear only in the form of the scalar products x} x,,. Recall that
the principal components are defined by the eigenvectors u; of the covariance matrix

Su; = \;u; (12.71)
wherei = 1,..., D. Here the D x D sample covariance matrix S is defined by
1 o
S=+ ;xnxm (12.72)

and the eigenvectors are normalized such that uu; = 1.
Now consider a nonlinear transformation ¢(x) into an M -dimensional feature
space, so that each data point x,, is thereby projected onto a point ¢(x,). We can
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Figure 1216 Schematic illustration of kernel PCA. A data set in the original data space (left-hand plot) is
projected by a nonlinear transformation ¢(x) into a feature space (right-hand plot). By performing PCA in the
fealure space, we obtain the principal components, of which the first is shown in blue and is denoted by the
vector vi. The green lines in feature space indicate the linear projections onto the first principal component,
which correspond to nonlinear projections in the original data space. MNote that in general it is not possible to
reprasant the nonlinear principal component by a vector in x space.

now perform standard PCA in the feature space, which implicitly defines a nonlinear
principal component model in the original data space, as illustrated in Figure 12.16.

For the moment, let us assume that the projected data set also has zero mean,
sothat 3~ @(x,) = 0. We shall return to this point shortly. The M = M sample
covariance matrix in feature space is given by

N
C= i gq‘ifx”]gﬁ{xn}q— (12.73)
and its eigenvector expansion is defined by
Cv; = Ay (12.74)
i=1,..., M. Our goal is to solve this eigenvalue problem without having to work

explicitly in the feature space. From the definition of C, the eigenvector equations
tells us that v; satisfies

N
3 0xa) {0(x) TV} = A, (12.75)

n=1

and so we see that (provided A; = (1) the vector v; is given by a linear combination
of the ¢(x,,) and so can be written in the form

N
Vi= Y aind(x,). (12.76)

n=1
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Substituting this expansion back into the eigenvector equation, we obtain

N N
%Z B (xn)(%n)" D Aimp(xm) = A Z Ain(Xy)- (12.77)
n=1 m=1

The key step is now to express this in terms of the kernel function k(x,, X, ) =
(%) T P(x,, ), which we do by multiplying both sides by ¢(x;)" to give

m

N
%Zk(xl,xn)Zaimk (Xn, Xm) = Zam X1, %) (12.78)
n=1

m=1 n=1
This can be written in matrix notation as
K?a, = \;NKa;, (12.79)

where a; 1s an N-dimensional column vector with elements a,; forn = 1,..., N.
We can find solutions for a; by solving the following eigenvalue problem

Ka; = \;Na; (12.80)

in which we have removed a factor of K from both sides of (12.79). Note that
the solutions of (12.79) and (12.80) differ only by eigenvectors of K having zero
eigenvalues that do not affect the principal components projection.

The normalization condition for the coefficients a; is obtained by requiring that
the eigenvectors in feature space be normalized. Using (12.76) and (12.80), we have

1=vlv,= Z Z AinGim®(Xn) T d(xm) = a; Ka; = \;Naja;. (12.81)
n=1m=1
Having solved the eigenvector problem, the resulting principal component pro-

jections can then also be cast in terms of the kernel function so that, using (12.76),
the projection of a point x onto eigenvector 7 is given by

N
yl(x) = ¢(X)Tv7z - Z azn(b Z a/zn X Xn (12.82)
n=1 n=1

and so again is expressed in terms of the kernel function.

In the original D-dimensional x space there are D orthogonal eigenvectors and
hence we can find at most D linear principal components. The dimensionality A
of the feature space, however, can be much larger than D (even infinite), and thus
we can find a number of nonlinear principal components that can exceed D. Note,
however, that the number of nonzero eigenvalues cannot exceed the number N of
data points, because (even if M > N) the covariance matrix in feature space has
rank at most equal to N. This is reflected in the fact that kernel PCA involves the
eigenvector expansion of the N x N matrix K.
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So far we have assumed that the projected data set given by ¢(x,) has zero
mean, which in general will not be the case. We cannot simply compute and then
subtract off the mean, since we wish to avoid working directly in feature space, and
so again, we formulate the algorithm purely in terms of the kernel function. The

projected data points after centralizing, denoted ;S(xn) are given by

B(xn) = D(xn) — = Y B(x1) (12.83)

and the corresponding elements of the Gram matrix are given by
Kpm = ¢(xn)T¢(Xm)
= ¢(Xn) (xm) — Z ¢(Xn

N
—%;w ) 00m) + 2y 303 ) )

j=11=1

1 N 1 N N
_.NZk(xn,Xz)—i——QZZk(xj,xl). (12.84)

This can be expressed in matrix notation as
K=K-1yK—-Kly+1yKly (12.85)

where 1y denotes the N x N matrix in which every element takes the value 1/N.

Thus we can evaluate K using only the kernel function and then use K to determine
the eigenvalues and eigenvectors. Note that the standard PCA algorithm is recovered
as a special case if we use a linear kernel k(x,x’) = xTx'. Figure 12.17 shows an
example of kernel PCA applied to a synthetic data set (Scholkopf et al., 1998). Here
a ‘Gaussian’ kernel of the form

k(x,x') = exp(—||x — x||?/0.1) (12.86)

is applied to a synthetic data set. The lines correspond to contours along which the
projection onto the corresponding principal component, defined by

N

B(x)Tvi = aimk(x, %) (12.87)

n=1

is constant.
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Eigenvalue=21.72

Eigenvalue=21 65 Ergervalues4 11 Eigerivalue=3 93
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Figure 1217 Example of kernel PCA, with a Gaussian kernel applied to a synthetic data set in two dimensions,
showing the first eight eigenfunctions along with their eigenvalues. The contours are lines along which the
projection onto the corresponding principal componeant is constant, Mote how the first two eigenvectors separate
the three clusters, the next three eigenvectors split each of the cluster into halves, and the following three
eigenvectors again split the clusters into halves along directions orthogonal to the previous splits,

One obvious disadvantage of kernel PCA is that it involves finding the eigenvec-

tors of the & » N matrix K rather than the 1 x I matrix 8 of conventional linear
PCA, and so0 in practice for large data sets approximations are ofien used,

Finally, we note that in standard linear PCA, we often retain some reduced num-
ber L. <= [} of eigenvectors and then approximate a data vector x,, by its projection
X, onto the L-dimensional principal subspace, defined by

L

%, Z f_x'lll'u_.] 11,. (12.88)

In kernel PCA, this will in general not be possible. To see this, note that the map-
ping @{x) maps the [J-dimensional x space into a D-dimensional manifold in the
M-dimensional feature space ¢. The vector x is known as the pre-image of the
corresponding point ¢b(x). However, the projection of points in feature space onto
the linear PCA subspace in that space will typically not lie on the nonlinear [1-
dimensional manifold and so will not have a corresponding pre-image in data space,
Technigues have therefore been proposed for finding approximate pre-images (Bakir
et al,, 2004,
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In this chapter, we have focussed on the simplest class of models having continuous
latent variables, namely those based on linear-Gaussian distributions. As well as
having great practical importance, these models are relatively easy to analyse and
to fit to data and can also be used as components in more complex models. Here
we consider briefly some generalizations of this framework to models that are either
nonlinear or non-Gaussian, or both.

In fact, the issues of nonlinearity and non-Gaussianity are related because a
general probability density can be obtained from a simple fixed reference density,
such as a Gaussian, by making a nonlinear change of variables. This idea forms the
basis of several practical latent variable models as we shall see shortly.

12.4.1 Independent component analysis

We begin by considering models in which the observed variables are related
linearly to the latent variables, but for which the latent distribution is non-Gaussian.
An important class of such models, known as independent component analysis, or
ICA, arises when we consider a distribution over the latent variables that factorizes,
so that

M
p(z) =[] p(z)- (12.89)

To understand the role of such models, consider a situation in which two people
are talking at the same time, and we record their voices using two microphones.
If we ignore effects such as time delay and echoes, then the signals received by
the microphones at any point in time will be given by linear combinations of the
amplitudes of the two voices. The coefficients of this linear combination will be
constant, and if we can infer their values from sample data, then we can invert the
mixing process (assuming it is nonsingular) and thereby obtain two clean signals
each of which contains the voice of just one person. This is an example of a problem
called blind source separation in which ‘blind’ refers to the fact that we are given
only the mixed data, and neither the original sources nor the mixing coefficients are
observed (Cardoso, 1998).

This type of problem is sometimes addressed using the following approach
(MacKay, 2003) in which we ignore the temporal nature of the signals and treat the
successive samples as i.i.d. We consider a generative model in which there are two
latent variables corresponding to the unobserved speech signal amplitudes, and there
are two observed variables given by the signal values at the microphones. The latent
variables have a joint distribution that factorizes as above, and the observed variables
are given by a linear combination of the latent variables. There is no need to include
a noise distribution because the number of latent variables equals the number of ob-
served variables, and therefore the marginal distribution of the observed variables
will not in general be singular, so the observed variables are simply deterministic
linear combinations of the latent variables. Given a data set of observations, the
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likelihood function for this model is a function of the coefficients in the linear com-
bination. The log likelihood can be maximized using gradient-based optimization
giving rise to a particular version of independent component analysis.

The success of this approach requires that the latent variables have non-Gaussian
distributions. To see this, recall that in probabilistic PCA (and in factor analysis) the
latent-space distribution is given by a zero-mean isotropic Gaussian. The model
therefore cannot distinguish between two different choices for the latent variables
where these differ simply by a rotation in latent space. This can be verified directly
by noting that the marginal density (12.35), and hence the likelihood function, is
unchanged if we make the transformation W — WR where R is an orthogonal
matrix satisfying RR™ = T, because the matrix C given by (12.36) is itself invariant.
Extending the model to allow more general Gaussian latent distributions does not
change this conclusion because, as we have seen, such a model is equivalent to the
zero-mean isotropic Gaussian latent variable model.

Another way to see why a Gaussian latent variable distribution in a linear model
is insufficient to find independent components is to note that the principal compo-
nents represent a rotation of the coordinate system in data space such as to diagonal-
ize the covariance matrix, so that the data distribution in the new coordinates is then
uncorrelated. Although zero correlation is a necessary condition for independence
it is not, however, sufficient. In practice, a common choice for the latent-variable
distribution is given by

1 1

P = o) T w1 e (12.90)

which has heavy tails compared to a Gaussian, reflecting the observation that many
real-world distributions also exhibit this property.

The original ICA model (Bell and Sejnowski, 1995) was based on the optimiza-
tion of an objective function defined by information maximization. One advantage
of a probabilistic latent variable formulation is that it helps to motivate and formu-
late generalizations of basic ICA. For instance, independent factor analysis (Attias,
1999a) considers a model in which the number of latent and observed variables can
differ, the observed variables are noisy, and the individual latent variables have flex-
ible distributions modelled by mixtures of Gaussians. The log likelihood for this
model is maximized using EM, and the reconstruction of the latent variables is ap-
proximated using a variational approach. Many other types of model have been
considered, and there is now a huge literature on ICA and its applications (Jutten
and Herault, 1991; Comon et al., 1991; Amari et al., 1996; Pearlmutter and Parra,
1997; Hyvarinen and Oja, 1997; Hinton et al., 2001; Miskin and MacKay, 2001;
Hojen-Sorensen et al., 2002; Choudrey and Roberts, 2003; Chan et al., 2003; Stone,
2004).

12.4.2 Autoassociative neural networks

In Chapter 5 we considered neural networks in the context of supervised learn-
ing, where the role of the network is to predict the output variables given values
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Figure 12.18 An autoassociative multilayer perceptron having
two layers of weights. Such a network is trained to
map input vectors onto themselves by minimiza-
tion of a sum-of-squares error. Even with non-
linear units in the hidden layer, such a network
is equivalent to linear principal component anal-
ysis. Links representing bias parameters have
been omitted for clarity.

for the input variables. However, neural networks have also been applied to un-
supervised learning where they have been used for dimensionality reduction. This
is achieved by using a network having the same number of outputs as inputs, and
optimizing the weights so as to minimize some measure of the reconstruction error
between inputs and outputs with respect to a set of training data.

Consider first a multilayer perceptron of the form shown in Figure 12.18, hav-
ing D inputs, D output units and M hidden units, with M < D. The targets used
to train the network are simply the input vectors themselves, so that the network
is attempting to map each input vector onto itself. Such a network is said to form
an qutoassociative mapping. Since the number of hidden units is smaller than the
number of inputs, a perfect reconstruction of all input vectors is not in general pos-
sible. We therefore determine the network parameters w by minimizing an error
function which captures the degree of mismatch between the input vectors and their
reconstructions. In particular, we shall choose a sum-of-squares error of the form

N
1
E(w) = 5 Z |y (xn, W) — x5 |2 (12.91)
n=1

If the hidden units have linear activations functions, then it can be shown that the
error function has a unique global minimum, and that at this minimum the network
performs a projection onto the M -dimensional subspace which is spanned by the first
M principal components of the data (Bourlard and Kamp, 1988; Baldi and Hornik,
1989). Thus, the vectors of weights which lead into the hidden units in Figure 12.18
form a basis set which spans the principal subspace. Note, however, that these vec-
tors need not be orthogonal or normalized. This result is unsurprising, since both
principal component analysis and the neural network are using linear dimensionality
reduction and are minimizing the same sum-of-squares error function.

It might be thought that the limitations of a linear dimensionality reduction could
be overcome by using nonlinear (sigmoidal) activation functions for the hidden units
in the network in Figure 12.18. However, even with nonlinear hidden units, the min-
imum error solution is again given by the projection onto the principal component
subspace (Bourlard and Kamp, 1988). There is therefore no advantage in using two-
layer neural networks to perform dimensionality reduction. Standard techniques for
principal component analysis (based on singular value decomposition) are guaran-
teed to give the correct solution in finite time, and they also generate an ordered set
of eigenvalues with corresponding orthonormal eigenvectors.
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Figure 12.19 Addition of extra hidden lay-

T3

ers of nonlinear units gives an
autoassociative network which
can perform a nonlinear dimen-
sionality reduction.

The situation is different, however, if additional hidden layers are permitted in
the network. Consider the four-layer autoassociative network shown in Figure 12.19.
Again the output units are linear, and the M units in the second hidden layer can also
be linear, however, the first and third hidden layers have sigmoidal nonlinear activa-
tion functions. The network is again trained by minimization of the error function
(12.91). We can view this network as two successive functional mappings F; and
F3, as indicated in Figure 12.19. The first mapping F; projects the original D-
dimensional data onto an M -dimensional subspace S defined by the activations of
the units in the second hidden layer. Because of the presence of the first hidden layer
of nonlinear units, this mapping is very general, and in particular is not restricted to
being linear. Similarly, the second half of the network defines an arbitrary functional
mapping from the M -dimensional space back into the original D-dimensional input
space. This has a simple geometrical interpretation, as indicated for the case D = :
and M = 2 in Figure 12.20.

Such a network effectively performs a nonlinear principal component analysis.

I3

xIa

=Y

T2

Figure 12.20 Geometrical interpretation of the mappings performed by the network in Figure 12.19 for the case
of D = 3 inputs and M = 2 units in the middle hidden layer. The function F, maps from an M-dimensional
space S into a D-dimensional space and therefore defines the way in which the space S is embedded within the
original x-space. Since the mapping F can be nonlinear, the embedding of S can be nonplanar, as indicated
in the figure. The mapping F, then defines a projection of points in the original D-dimensional space into the
M -dimensional subspace S.



12.4. Nonlinear Latent Variable Models 595

It has the advantage of not being limited to linear transformations, although it con-
tains standard principal component analysis as a special case. However, training
the network now involves a nonlinear optimization problem, since the error function
(12.91) is no longer a quadratic function of the network parameters. Computation-
ally intensive nonlinear optimization techniques must be used, and there is the risk of
finding a suboptimal local minimum of the error function. Also, the dimensionality
of the subspace must be specified before training the network.

12.4.3 Modelling nonlinear manifolds

As we have already noted, many natural sources of data correspond to low-
dimensional, possibly noisy, nonlinear manifolds embedded within the higher di-
mensional observed data space. Capturing this property explicitly can lead to im-
proved density modelling compared with more general methods. Here we consider
briefly a range of techniques that attempt to do this.

One way to model the nonlinear structure is through a combination of linear
models, so that we make a piece-wise linear approximation to the manifold. This can
be obtained, for instance, by using a clustering technique such as K -means based on
Euclidean distance to partition the data set into local groups with standard PCA ap-
plied to each group. A better approach is to use the reconstruction error for cluster
assignment (Kambhatla and Leen, 1997; Hinton et al., 1997) as then a common cost
function is being optimized in each stage. However, these approaches still suffer
from limitations due to the absence of an overall density model. By using prob-
abilistic PCA it is straightforward to define a fully probabilistic model simply by
considering a mixture distribution in which the components are probabilistic PCA
models (Tipping and Bishop, 1999a). Such a model has both discrete latent vari-
ables, corresponding to the discrete mixture, as well as continuous latent variables,
and the likelihood function can be maximized using the EM algorithm. A fully
Bayesian treatment, based on variational inference (Bishop and Winn, 2000), allows
the number of components in the mixture, as well as the effective dimensionalities
of the individual models, to be inferred from the data. There are many variants of
this model in which parameters such as the W matrix or the noise variances are tied
across components in the mixture, or in which the isotropic noise distributions are
replaced by diagonal ones, giving rise to a mixture of factor analysers (Ghahramani
and Hinton, 1996a; Ghahramani and Beal, 2000). The mixture of probabilistic PCA
models can also be extended hierarchically to produce an interactive data visualiza-
tion algorithm (Bishop and Tipping, 1998).

An alternative to considering a mixture of linear models is to consider a single
nonlinear model. Recall that conventional PCA finds a linear subspace that passes
close to the data in a least-squares sense. This concept can be extended to one-
dimensional nonlinear surfaces in the form of principal curves (Hastie and Stuetzle,
1989). We can describe a curve in a D-dimensional data space using a vector-valued
function £( ), which is a vector each of whose elements is a function of the scalar A.
There are many possible ways to parameterize the curve, of which a natural choice
is the arc length along the curve. For any given point X in data space, we can find
the point on the curve that is closest in Euclidean distance. We denote this point by
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A = g¢(x) because it depends on the particular curve f()). For a continuous data
density p(x), a principal curve is defined as one for which every point on the curve
is the mean of all those points in data space that project to it, so that

E [x|g(x) = A = £(A). (12.92)

For a given continuous density, there can be many principal curves. In practice, we
are interested in finite data sets, and we also wish to restrict attention to smooth
curves. Hastie and Stuetzle (1989) propose a two-stage iterative procedure for find-
ing such principal curves, somewhat reminiscent of the EM algorithm for PCA. The
curve is initialized using the first principal component, and then the algorithm alter-
nates between a data projection step and curve re-estimation step. In the projection
step, each data point is assigned to a value of A corresponding to the closest point
on the curve. Then in the re-estimation step, each point on the curve is given by
a weighted average of those points that project to nearby points on the curve, with
points closest on the curve given the greatest weight. In the case where the subspace
is constrained to be linear, the procedure converges to the first principal component
and is equivalent to the power method for finding the largest eigenvector of the co-
variance matrix. Principal curves can be generalized to multidimensional manifolds
called principal surfaces although these have found limited use due to the difficulty
of data smoothing in higher dimensions even for two-dimensional manifolds.

PCA is often used to project a data set onto a lower-dimensional space, for ex-
ample two dimensional, for the purposes of visualization. Another linear technique
with a similar aim is multidimensional scaling, or MDS (Cox and Cox, 2000). It finds
a low-dimensional projection of the data such as to preserve, as closely as possible,
the pairwise distances between data points, and involves finding the eigenvectors of
the distance matrix. In the case where the distances are Euclidean, it gives equivalent
results to PCA. The MDS concept can be extended to a wide variety of data types
specified in terms of a similarity matrix, giving nonmetric MDS.

Two other nonprobabilistic methods for dimensionality reduction and data vi-
sualization are worthy of mention. Locally linear embedding, or LLE (Roweis and
Saul, 2000) first computes the set of coefficients that best reconstructs each data
point from its neighbours. These coefficients are arranged to be invariant to rota-
tions, translations, and scalings of that data point and its neighbours, and hence they
characterize the local geometrical properties of the neighbourhood. LLE then maps
the high-dimensional data points down to a lower dimensional space while preserv-
ing these neighbourhood coefficients. If the local neighbourhood for a particular
data point can be considered linear, then the transformation can be achieved using
a combination of translation, rotation, and scaling, such as to preserve the angles
formed between the data points and their neighbours. Because the weights are in-
variant to these transformations, we expect the same weight values to reconstruct the
data points in the low-dimensional space as in the high-dimensional data space. In
spite of the nonlinearity, the optimization for LLE does not exhibit local minima.

In isometric feature mapping, or isomap (Tenenbaum et al., 2000), the goal is
to project the data to a lower-dimensional space using MDS, but where the dissim-
ilarities are defined in terms of the geodesic distances measured along the mani-
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fold. For instance, if two points lie on a circle, then the geodesic is the arc-length
distance measured around the circumference of the circle not the straight line dis-
tance measured along the chord connecting them. The algorithm first defines the
neighbourhood for each data point, either by finding the K nearest neighbours or by
finding all points within a sphere of radius €. A graph is then constructed by link-
ing all neighbouring points and labelling them with their Euclidean distance. The
geodesic distance between any pair of points is then approximated by the sum of
the arc lengths along the shortest path connecting them (which itself is found using
standard algorithms). Finally, metric MDS is applied to the geodesic distance matrix
to find the low-dimensional projection.

Our focus in this chapter has been on models for which the observed vari-
ables are continuous. We can also consider models having continuous latent vari-
ables together with discrete observed variables, giving rise to latent trait models
(Bartholomew, 1987). In this case, the marginalization over the continuous latent
variables, even for a linear relationship between latent and observed variables, can-
not be performed analytically, and so more sophisticated techniques are required.
Tipping (1999) uses variational inference in a model with a two-dimensional latent
space, allowing a binary data set to be visualized analogously to the use of PCA to
visualize continuous data. Note that this model is the dual of the Bayesian logistic
regression problem discussed in Section 4.5. In the case of logistic regression we
have N observations of the feature vector ¢,, which are parameterized by a single
parameter vector w, whereas in the latent space visualization model there is a single
latent space variable x (analogous to ¢) and N copies of the latent variable w,,. A
generalization of probabilistic latent variable models to general exponential family
distributions is described in Collins et al. (2002).

We have already noted that an arbitrary distribution can be formed by taking a
Gaussian random variable and transforming it through a suitable nonlinearity. This
is exploited in a general latent variable model called a density nerwork (MacKay,
1995; MacKay and Gibbs, 1999) in which the nonlinear function is governed by a
multilayered neural network. If the network has enough hidden units, it can approx-
imate a given nonlinear function to any desired accuracy. The downside of having
such a flexible model is that the marginalization over the latent variables, required in
order to obtain the likelihood function, is no longer analytically tractable. Instead,
the likelihood is approximated using Monte Carlo techniques by drawing samples
from the Gaussian prior. The marginalization over the latent variables then becomes
a simple sum with one term for each sample. However, because a large number
of sample points may be required in order to give an accurate representation of the
marginal, this procedure can be computationally costly.

If we consider more restricted forms for the nonlinear function, and make an ap-
propriate choice of the latent variable distribution, then we can construct a latent vari-
able model that is both nonlinear and efficient to train. The generative ropographic
mapping, ot GTM (Bishop et al., 1996; Bishop et al., 1997a; Bishop et al., 1998b)
uses a latent distribution that is defined by a finite regular grid of delta functions over
the (typically two-dimensional) latent space. Marginalization over the latent space
then simply involves summing over the contributions from each of the grid locations.



598 12, CONTINUOUS LATENT VARIABLES

% . #l@ . 3

Figure 12.21 Plot of the oil flow data set visualized using PCA on the left and GTM on the right. For the GTM
model, each data point is plotted at the mean of its posterior distribution in latent space. The nonlinearity of the
GTM madel allows the separation between the groups of data points to be seen more clearly.

Chapter 3 The nonlinear mapping is given by a linear regression model that allows for general
nonlinearity while being a linear function of the adaptive parameters. Note that the
Section 1.4 usual limitation of linear regression models arising from the curse of dimensionality

does not arise in the context of the GTM since the manifold generally has two dimen-
sions irrespective of the dimensionality of the data space. A consequence of these
two choices is that the likelihood function can be expressed analytically in ¢losed
form and can be optimized efficiently using the EM algorithm. The resulting GTM
mode] fits a two-dimensional nonlinear manifold to the data set, and by evaluating
the posterior distribution over latent space for the data points, they can be projected
back to the latent space for visualization purposes. Figure 12.21 shows a comparison
of the oil data set visualized with linear PCA and with the nonlinear GTM,

The GTM can be seen as a probabilistic version of an earlier model called the self
organizing map, or SOM (Kohonen, 1982; Kohonen, 1995), which also represents
a two-dimensional nonlinear manifold as a regular array of discrete points. The
SOM is somewhat reminiscent of the K-means algorithm in that data points are
assigned to nearby prototype vectors that are then subsequently updated. Initially,
the prototypes are distributed at random, and during the training process they ‘self
organize” so as to approximate a smooth manifold. Unlike K'-means, however, the
SOM is not optimizing any well-defined cost function (Erwin et al., 1992) making it
difficult to set the parameters of the model and to assess convergence. There is also
no guarantee that the ‘self-organization” will take place as this is dependent on the
choice of appropriate parameter values for any particular data set.

By contrast, GTM optimizes the log likelihood function, and the resulting model
defines a probability density in data space. In fact, it corresponds to a constrained
mixture of Gaussians in which the components share a common variance, and the
means are constrained to lie on a smooth two-dimensional manifold. This proba-
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bilistic foundation also makes it very straightforward to define generalizations of
GTM (Bishop et al., 1998a) such as a Bayesian treatment, dealing with missing val-
ues, a principled extension to discrete variables, the use of Gaussian processes to
define the manifold, or a hierarchical GTM model (Tino and Nabney, 2002).

Because the manifold in GTM is defined as a continuous surface, not just at the
prototype vectors as in the SOM, it is possible to compute the magnification factors
corresponding to the local expansions and compressions of the manifold needed to
fit the data set (Bishop er al., 1997b) as well as the directional curvatures of the
manifold (Tino et al., 2001). These can be visualized along with the projected data
and provide additional insight into the model.

Exercises

Appendix E

121

12.2

() I In this exercise, we use proof by induction to show that the linear
projection onto an M -dimensional subspace that maximizes the variance of the pro-
Jjected data is defined by the M eigenvectors of the data covariance matrix S, given
by (12.3), corresponding to the M largest eigenvalues. In Section 12.1, this result
was proven for the case of M = 1. Now suppose the result holds for some general
value of M and show that it consequently holds for dimensionality M + 1. To do
this, first set the derivative of the variance of the projected data with respect to a
vector ups4; defining the new direction in data space equal to zero. This should
be done subject to the constraints that ussy; be orthogonal to the existing vectors
uj,...,uys, and also that it be normalized to unit length. Use Lagrange multipli-
ers to enforce these constraints. Then make use of the orthonormality properties of
the vectors uy,...,uys to show that the new vector ups4 1 is an eigenvector of S.
Finally, show that the variance is maximized if the eigenvector is chosen to be the
one corresponding to eigenvector Ary1 where the eigenvalues have been ordered in
decreasing value.

(x%) Show that the minimum value of the PCA distortion measure J given by
(12.15) with respect to the u;, subject to the orthonormality constraints (12.7), is
obtained when the u; are eigenvectors of the data covariance matrix S. To do this,
introduce a matrix H of Lagrange multipliers, one for each constraint, so that the
modified distortion measure, in matrix notation reads

J="Tr {ﬁTsﬁ} Tr {H(I - GTG)} (12.93)

where U is a matrix of dimension D x (D — M) whose columns are given by u;.
Now minimize J with respect to U and show that the solutlon satisfies SU = UH.

Clearly, one possible solution is that the columns of U are eigenvectors of S, in
which case H is a diagonal matrix containing the corresponding eigenvalues. To
obtain the general solution, show that H can be assumed to be a symmetric matrix,

and by using its eigenvector expansion show that the general solution to sU = UH
gives the same value for J as the specific solution in which the columns of U are
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12.3

124

12.5

12.6

12.7

12.8

12.9

12.10

12.11

12.12

12.13

the eigenvectors of S. Because these solutions are all equivalent, it is convenient to
choose the eigenvector solution.

(%) Verify that the eigenvectors defined by (12.30) are normalized to unit length,
assuming that the eigenvectors v; have unit length.

(x) m Suppose we replace the zero-mean, unit-covariance latent space distri-
bution (12.31) in the probabilistic PCA model by a general Gaussian distribution of
the form AV (z|m, X). By redefining the parameters of the model, show that this leads
to an identical model for the marginal distribution p(x) over the observed variables
for any valid choice of m and 3.

(xx) Let x be a D-dimensional random variable having a Gaussian distribution
given by N(x|u,X), and consider the M-dimensional random variable given by
y = Ax + b where A is an M x D matrix. Show that y also has a Gaussian
distribution, and find expressions for its mean and covariance. Discuss the form of
this Gaussian distribution for M < D, for M = D, and for M > D.

() B Draw a directed probabilistic graph for the probabilistic PCA model
described in Section 12.2 in which the components of the observed variable x are
shown explicitly as separate nodes. Hence verify that the probabilistic PCA model
has the same independence structure as the naive Bayes model discussed in Sec-
tion 8.2.2.

(xx) By making use of the results (2.270) and (2.271) for the mean and covariance
of a general distribution, derive the result (12.35) for the marginal distribution p(x)
in the probabilistic PCA model.

(<) [l By making use of the result (2.116), show that the posterior distribution
p(z|x) for the probabilistic PCA model is given by (12.42).

(x) Verify that maximizing the log likelihood (12.43) for the probabilistic PCA
model with respect to the parameter p gives the result g1y, = X where X is the
mean of the data vectors.

(xx) By evaluating the second derivatives of the log likelihood function (12.43) for
the probabilistic PCA model with respect to the parameter g, show that the stationary
point fe,;, = X represents the unique maximum.

(<) [ Show that in the limit 02 — 0, the posterior mean for the probabilistic
PCA model becomes an orthogonal projection onto the principal subspace, as in
conventional PCA.

(x%) For 02 > 0 show that the posterior mean in the probabilistic PCA model is
shifted towards the origin relative to the orthogonal projection.

(xx) Show that the optimal reconstruction of a data point under probabilistic PCA,
according to the least squares projection cost of conventional PCA, is given by

X = Wy (Wi W) 'ME[z|x]. (12.94)
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(*x) The number of independent parameters in the covariance matrix for the proba-
bilistic PCA model with an M -dimensional latent space and a D-dimensional data
space is given by (12.51). Verify that in the case of M = D — 1, the number of
independent parameters is the same as in a general covariance Gaussian, whereas for
M = (Oitis the same as for a Gaussian with an isotropic covariance.

() I Derive the M-step equations (12.56) and (12.57) for the probabilistic
PCA model by maximization of the expected complete-data log likelihood function
given by (12.53).

(»*x) InFigure 12.11, we showed an application of probabilistic PCA to a data set
in which some of the data values were missing at random. Derive the EM algorithm
for maximizing the likelihood function for the probabilistic PCA model in this situ-
ation. Note that the {z, }, as well as the missing data values that are components of
the vectors {x,, }, are now latent variables. Show that in the special case in which all
of the data values are observed, this reduces to the EM algorithm for probabilistic
PCA derived in Section 12.2.2.

Gex) T Let W be a D x M matrix whose columns define a linear subspace
of dimensionality M embedded within a data space of dimensionality D, and let u
be a D-dimensional vector. Given a data set {x,} where n = 1,..., N, we can
approximate the data points using a linear mapping from a set of A{-dimensional
vectors {z, }, so that x,, is approximated by Wz,, + . The associated sum-of-
squares reconstruction cost is given by

N
T= " |xn— p— Wz, (12.95)
n=1

First show that minimizing J with respect to p leads to an analogous expression with
X, and z,, replaced by zero-mean variables x,, — X and z,, — Z, respectively, where X
and Z denote sample means. Then show that minimizing J with respect to z,,, where
W is kept fixed, gives rise to the PCA E step (12.58), and that minimizing J with
respect to W, where {z,,} is kept fixed, gives rise to the PCA M step (12.59).

(x) Derive an expression for the number of independent parameters in the factor
analysis model described in Section 12.2.4.

() l Show that the factor analysis model described in Section 12.2.4 is
invariant under rotations of the latent space coordinates.

(xx) By considering second derivatives, show that the only stationary point of
the log likelihood function for the factor analysis model discussed in Section 12.2.4
with respect to the parameter g is given by the sample mean defined by (12.1).
Furthermore, show that this stationary point is a maximum.

(x%) Derive the formulae (12.66) and (12.67) for the E step of the EM algorithm
for factor analysis. Note that from the result of Exercise 12.20, the parameter g can
be replaced by the sample mean X.
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12.22

12.23

12.24

12.25

12.26

12.27

12.28

(xx) Write down an expression for the expected complete-data log likelihood func-
tion for the factor analysis model, and hence derive the corresponding M step equa-
tions (12.69) and (12.70).

(*) R Draw a directed probabilistic graphical model representing a discrete
mixture of probabilistic PCA models in which each PCA model has its own values
of W, u, and o2. Now draw a modified graph in which these parameter values are
shared between the components of the mixture.

(x*x) We saw in Section 2.3.7 that Student’s t-distribution can be viewed as an
infinite mixture of Gaussians in which we marginalize with respect to a continu-
ous latent variable. By exploiting this representation, formulate an EM algorithm
for maximizing the log likelihood function for a multivariate Student’s t-distribution
given an observed set of data points, and derive the forms of the E and M step equa-
tions.

(% %) m Consider a linear-Gaussian latent-variable model having a latent space
distribution p(z) = AN(x|0,I) and a conditional distribution for the observed vari-
able p(x|z) = N(x|Wz + p,®) where ® is an arbitrary symmetric, positive-
definite noise covariance matrix. Now suppose that we make a nonsingular linear
transformation of the data variables x — Ax, where A is a D x D matrix. If
oy, W and @y, represent the maximum likelihood solution corresponding to
the original untransformed data, show that A ge,;;, AWy, and APy, AT will rep-
resent the corresponding maximum likelihood solution for the transformed data set.
Finally, show that the form of the model is preserved in two cases: (i) A is a diagonal
matrix and ® is a diagonal matrix. This corresponds to the case of factor analysis.
The transformed @ remains diagonal, and hence factor analysis is covariant under
component-wise re-scaling of the data variables; (ii) A is orthogonal and @ is pro-
portional to the unit matrix so that & = o2I. This corresponds to probabilistic PCA.
The transformed ® matrix remains proportional to the unit matrix, and hence proba-
bilistic PCA is covariant under a rotation of the axes of data space, as is the case for
conventional PCA.

(xx) Show that any VCCt\OI' a; that satisfies (12.80) will also satisfy (12.79). Also,
show that for any solution of (12.80) having eigenvalue A, we can add any multiple
of an eigenvector of K having zero eigenvalue, and obtain a solution to (12.79)
that also has eigenvalue A. Finally, show that such modifications do not affect the
principal-component projection given by (12.82).

(**) Show that the conventional linear PCA algorithm is recovered as a special case
T f

of kernel PCA if we choose the linear kernel function given by k(x,x’') = x*x'.
(<) [l Use the transformation property (1.27) of a probability density under
a change of variable to show that any density p(y) can be obtained from a fixed
density ¢(z) that is everywhere nonzero by making a nonlinear change of variable
y = f(x) in which f(z) is a monotonic function so that 0 < f/(z) < oo. Write
down the differential equation satisfied by f(xz) and draw a diagram illustrating the
transformation of the density.
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12.29 (~») [ Suppose that two variables 2; and z; are independent so that p(z1, 25) =
p(21)p(22). Show that the covariance matrix between these variables is diagonal.
This shows that independence is a sufficient condition for two variables to be un-
correlated. Now consider two variables y; and y, in which —1 < y; < 1 and
Y2 = y3. Write down the conditional distribution p(ys|y;) and observe that this is
dependent on y;, showing that the two variables are not independent. Now show
that the covariance matrix between these two variables is again diagonal. To do this,
use the relation p(y1,y2) = p(y1)p(y2|y1) to show that the off-diagonal terms are
zero. This counter-example shows that zero correlation is not a sufficient condition
for independence.
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So far in this book, we have focussed primarily on sets of data points that were as-
sumed to be independent and identically distributed (i.i.d.). This assumption allowed
us to express the likelihood function as the product over all data points of the prob-
ability distribution evaluated at each data point. For many applications, however,
the i.i.d. assumption will be a poor one. Here we consider a particularly important
class of such data sets, namely those that describe sequential data. These often arise
through measurement of time series, for example the rainfall measurements on suc-
cessive days at a particular location, or the daily values of a currency exchange rate,
or the acoustic features at successive time frames used for speech recognition. An
example involving speech data is shown in Figure 13.1. Sequential data can also
arise in contexts other than time series, for example the sequence of nucleotide base
pairs along a strand of DNA or the sequence of characters in an English sentence.
For convenience, we shall sometimes refer to ‘past’ and ‘future’ observations in a
sequence. However, the models explored in this chapter are equally applicable to all

605
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Figure 13.1

Example of a spectro-
gram of the spoken words “Bayes’ theo- 10000
rem” showing a plot of the intensity of the
spectral coefficients versus time index.
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forms of sequential data, not just temporal sequences.

It is useful to distinguish between stationary and nonstationary sequential dis-
tributions. In the stationary case, the data evolves in time, but the distribution from
which it is generated remains the same. For the more complex nonstationary situa-
tion, the generative distribution itself is evolving with time. Here we shall focus on
the stationary case.

For many applications, such as financial forecasting, we wish to be able to pre-
dict the next value in a time series given observations of the previous values. In-
tuitively, we expect that recent observations are likely to be more informative than
more historical observations in predicting future values. The example in Figure 13.1
shows that successive observations of the speech spectrum are indeed highly cor-
related. Furthermore, it would be impractical to consider a general dependence of
future observations on all previous observations because the complexity of such a
model would grow without limit as the number of observations increases. This leads
us to consider Markov models in which we assume that future predictions are inde-
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Figure 13.2 The simplest approach to
modelling a sequence ofob- _ \0) ) _ <) _¢ ) 7
X1 X2 X3 X4

13.1.

servations is to treat them
as independent, correspond-
ing to a graph without links.

pendent of all but the most recent observations.

Although such models are tractable, they are also severely limited. We can ob-
tain a more general framework, while still retaining tractability, by the introduction
of latent variables, leading to state space models. As in Chapters 9 and 12, we shall
see that complex models can thereby be constructed from simpler components (in
particular, from distributions belonging to the exponential family) and can be read-
ily characterized using the framework of probabilistic graphical models. Here we
focus on the two most important examples of state space models, namely the hid-
den Markov model, in which the latent variables are discrete, and linear dynamical
systems, in which the latent variables are Gaussian. Both models are described by di-
rected graphs having a tree structure (no loops) for which inference can be performed
efficiently using the sum-product algorithm.

Markov Models

The easiest way to treat sequential data would be simply to ignore the sequential
aspects and treat the observations as i.i.d., corresponding to the graph in Figure 13.2.
Such an approach, however, would fail to exploit the sequential patterns in the data,
such as correlations between observations that are close in the sequence. Suppose,
for instance, that we observe a binary variable denoting whether on a particular day
it rained or not. Given a time series of recent observations of this variable, we wish
to predict whether it will rain on the next day. If we treat the data as i.i.d., then the
only information we can glean from the data is the relative frequency of rainy days.
However, we know in practice that the weather often exhibits trends that may last for
several days. Observing whether or not it rains today is therefore of significant help
in predicting if it will rain tomorrow.

To express such effects in a probabilistic model, we need to relax the i.i.d. as-
sumption, and one of the simplest ways to do this is to consider a Markov model.
First of all we note that, without loss of generality, we can use the product rule to
express the joint distribution for a sequence of observations in the form

N
p(X1, ..., XN) = Hp(xn|x1,...,xn_1). (13.1)

n=1

If we now assume that each of the conditional distributions on the right-hand side
is independent of all previous observations except the most recent, we obtain the
first-order Markov chain, which is depicted as a graphical model in Figure 13.3. The
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Figure 13.3
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A first-order Markov chain of ob-

servations {x,} in which the dis- .—’.—’.—’.—’
tribution p(x,|x,_1) of a particu- *! X2 X3 X4

lar observation x,, is conditioned

on the value of the previous ob-

servation x,,_1.

joint distribution for a sequence of IV observations under this model is given by

N
p(x1, - xn) = p(x1) [ p(xnlxn-1). (13.2)
n=2

From the d-separation property, we see that the conditional distribution for observa-
tion x,,, given all of the observations up to time n, is given by

p(Xn|X1,...,Xn71) :p(xnlxnfl) (133)

which is easily verified by direct evaluation starting from (13.2) and using the prod-
uct rule of probability. Thus if we use such a model to predict the next observation
in a sequence, the distribution of predictions will depend only on the value of the im-
mediately preceding observation and will be independent of all earlier observations.

In most applications of such models, the conditional distributions p(x,,|x,_1)
that define the model will be constrained to be equal, corresponding to the assump-
tion of a stationary time series. The model is then known as a homogeneous Markov
chain. For instance, if the conditional distributions depend on adjustable parameters
(whose values might be inferred from a set of training data), then all of the condi-
tional distributions in the chain will share the same values of those parameters.

Although this is more general than the independence model, it is still very re-
strictive. For many sequential observations, we anticipate that the trends in the data
over several successive observations will provide important information in predict-
ing the next value. One way to allow earlier observations to have an influence is to
move to higher-order Markov chains. If we allow the predictions to depend also on
the previous-but-one value, we obtain a second-order Markov chain, represented by
the graph in Figure 13.4. The joint distribution is now given by

N
p(x1,...,xn) = p(x)p(xelx1) [ [ p(xnlxn-1,%0-2). (13.4)

n=3

Again, using d-separation or by direct evaluation, we see that the conditional distri-
bution of x,, given x,,_; and x,,_» is independent of all observations x;,...X;,_3.

A second-order Markov chain, in
which the conditional distribution

of a particular observation x,
depends on the values of the two
previous observations x,_1 and X1
Xn—2.

X9 X3 X4
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Figure 13.5 We can represent sequen- Z Zy Zp—1 Zy Zn+1
tial data using a Markov chain of latent

variables, with each observation condi-

tioned on the state of the corresponding

latent variable. This important graphical

structure forms the foundation both for the X1 X2
hidden Markov model and for linear dy-

namical systems.

Each observation is now influenced by two previous observations. We can similarly
consider extensions to an M order Markov chain in which the conditional distri-
bution for a particular variable depends on the previous M variables. However, we
have paid a price for this increased flexibility because the number of parameters in
the model is now much larger. Suppose the observations are discrete variables hav-
ing K states. Then the conditional distribution p(x,,|X,—1) in a first-order Markov
chain will be specified by a set of K — 1 parameters for each of the K states of x,,_;
giving a total of K (K — 1) parameters. Now suppose we extend the model to an
M*™ order Markov chain, so that the joint distribution is built up from conditionals
P(Xn|Xn—n1s -« -, Xn—1). If the variables are discrete, and if the conditional distri-
butions are represented by general conditional probability tables, then the number
of parameters in such a model will have K™ ~1(K — 1) parameters. Because this
grows exponentially with M, it will often render this approach impractical for larger
values of M.

For continuous variables, we can use linear-Gaussian conditional distributions
in which each node has a Gaussian distribution whose mean is a linear function
of its parents. This is known as an autoregressive or AR model (Box et al., 1994;
Thiesson et al., 2004). An alternative approach is to use a parametric model for
p(Xp|Xn—n1y- .-, Xn—1) such as a neural network. This technique is sometimes
called a tapped delay line because it corresponds to storing (delaying) the previous
M values of the observed variable in order to predict the next value. The number
of parameters can then be much smaller than in a completely general model (for ex-
ample it may grow linearly with M), although this is achieved at the expense of a
restricted family of conditional distributions.

Suppose we wish to build a model for sequences that is not limited by the
Markov assumption to any order and yet that can be specified using a limited number
of free parameters. We can achieve this by introducing additional latent variables to
permit a rich class of models to be constructed out of simple components, as we did
with mixture distributions in Chapter 9 and with continuous latent variable models in
Chapter 12. For each observation x,,, we introduce a corresponding latent variable
z,, (which may be of different type or dimensionality to the observed variable). We
now assume that it is the latent variables that form a Markov chain, giving rise to the
graphical structure known as a state space model, which is shown in Figure 13.5. It
satisfies the key conditional independence property that z,,_; and z,,; are indepen-
dent given z,,, so that

Zpi1 W 21 | 2. (13.5)
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The joint distribution for this model is given by

N N
p(le-“’XN;Zlv--'aZN) :p(zl) [Hp(zn|zn—1)] Hp(X7L‘Zn)~ (136)
n=2 n=1

Using the d-separation criterion, we see that there is always a path connecting any
two observed variables x,, and x,,, via the latent variables, and that this path is never
blocked. Thus the predictive distribution p(xy,41|X1, . ..,X;,) for observation x,,1
given all previous observations does not exhibit any conditional independence prop-
erties, and so our predictions for x,,; depends on all previous observations. The
observed variables, however, do not satisfy the Markov property at any order. We
shall discuss how to evaluate the predictive distribution in later sections of this chap-
ter.

There are two important models for sequential data that are described by this
graph. If the latent variables are discrete, then we obtain the hidden Markov model,
or HMM (Elliott et al., 1995). Note that the observed variables in an HMM may
be discrete or continuous, and a variety of different conditional distributions can be
used to model them. If both the latent and the observed variables are Gaussian (with
a linear-Gaussian dependence of the conditional distributions on their parents), then
we obtain the linear dynamical system.

Hidden Markov Models

The hidden Markov model can be viewed as a specific instance of the state space
model of Figure 13.5 in which the latent variables are discrete. However, if we
examine a single time slice of the model, we see that it corresponds to a mixture
distribution, with component densities given by p(x|z). It can therefore also be
interpreted as an extension of a mixture model in which the choice of mixture com-
ponent for each observation is not selected independently but depends on the choice
of component for the previous observation. The HMM is widely used in speech
recognition (Jelinek, 1997; Rabiner and Juang, 1993), natural language modelling
(Manning and Schiitze, 1999), on-line handwriting recognition (Nag et al., 1986),
and for the analysis of biological sequences such as proteins and DNA (Krogh et al.,
1994; Durbin et al., 1998; Baldi and Brunak, 2001).

As in the case of a standard mixture model, the latent variables are the discrete
multinomial variables z,, describing which component of the mixture is responsible
for generating the corresponding observation x,,. Again, it is convenient to use a
1-of-K coding scheme, as used for mixture models in Chapter 9. We now allow the
probability distribution of z,, to depend on the state of the previous latent variable
Z,,—1 through a conditional distribution p(z,,|z,,—1). Because the latent variables are
K -dimensional binary variables, this conditional distribution corresponds to a table
of numbers that we denote by A, the elements of which are known as transition
probabilities. They are given by Aji = p(2nr = 1]2,—1,; = 1), and because they
are probabilities, they satisfy 0 < A, < 1 with > w Ajr = 1, so that the matrix A
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B
A (A2 k= DDA

has K (K —1) independent parameters. We can then write the conditional distribution
explicitly in the form

tent variables have three possible states corre-
sponding to the three boxes. The black lines
denote the elements of the transition matrix
Ajk.

@g

=N

Cl:l

A33

P(Zn|Zn—1,n) = HHAZ" BT (13.7)

k=1j=1

The initial latent node z; is special in that it does not have a parent node, and so
it has a marginal distribution p(z;) represented by a vector of probabilities 7 with
elements 7, = p(z1; = 1), so that

K

plza|m) = [ [ =i (13.8)

k=1

where >, m, = 1.

The transition matrix is sometimes illustrated diagrammatically by drawing the
states as nodes in a state transition diagram as shown in Figure 13.6 for the case of
K = 3. Note that this does not represent a probabilistic graphical model, because
the nodes are not separate variables but rather states of a single variable, and so we
have shown the states as boxes rather than circles.

It is sometimes useful to take a state transition diagram, of the kind shown in
Figure 13.6, and unfold it over time. This gives an alternative representation of the
transitions between latent states, known as a lattice or trellis diagram, and which is
shown for the case of the hidden Markov model in Figure 13.7.

The specification of the probabilistic model is completed by defining the con-
ditional distributions of the observed variables p(x,, |z, ¢), where ¢ is a set of pa-
rameters governing the distribution. These are known as emission probabilities, and
might for example be given by Gaussians of the form (9.11) if the elements of x are
continuous variables, or by conditional probability tables if x is discrete. Because
X, is observed, the distribution p(x, |z, ¢) consists, for a given value of ¢, of a
vector of K numbers corresponding to the K possible states of the binary vector z,.
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Figure 13.7 If we unfold the state transition dia-
gram of Figure 13.6 over time, we obtain a lattice,
or trellis, representation of the latent states. Each
column of this diagram corresponds to one of the
latent variables z,,.

We can represent the emission probabilities in the form

K
p(xnlzn, @) = [ [ p(enldby) . (13.9)
k=1

We shall focuss attention on homogeneous models for which all of the condi-
tional distributions governing the latent variables share the same parameters A, and
similarly all of the emission distributions share the same parameters ¢ (the extension
to more general cases is straightforward). Note that a mixture model for an i.i.d. data
set corresponds to the special case in which the parameters A, are the same for all
values of j, so that the conditional distribution p(z,|2,_1) is independent of z,,_1.
This corresponds to deleting the horizontal links in the graphical model shown in
Figure 13.5.

The joint probability distribution over both latent and observed variables is then
given by

N N
p(X.Z|0) = p(z|m) [Hp(znlznl,A)] [ pxmlzm, @) (13.10)

m=1

where X = {x1,...,xn}, Z = {z1,...,2xy},and @ = {m, A, ¢} denotes the set
of parameters governing the model. Most of our discussion of the hidden Markov
model will be independent of the particular choice of the emission probabilities.
Indeed, the model is tractable for a wide range of emission distributions including
discrete tables, Gaussians, and mixtures of Gaussians. It is also possible to exploit
Exercise 13.4 discriminative models such as neural networks. These can be used to model the
emission density p(x|z) directly, or to provide a representation for p(z|x) that can
be converted into the required emission density p(x|z) using Bayes’ theorem (Bishop
et al., 2004).
We can gain a better understanding of the hidden Markov model by considering
it from a generative point of view. Recall that to generate samples from a mixture of
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Figure 13.8 lllustration of sampling from a hidden Markov model having a 3-state latent variable z and a
Gaussian emission model p(x|z) where x is 2-dimensional. (a) Contours of constant probability density for the
emission distributions corresponding to each of the three states of the latent variable. (b) A sample of 50 points
drawn from the hidden Markov model, colour coded according to the component that generated them and with
lines connecting the successive observations. Here the transition matrix was fixed so that in any state there is a
5% probability of making a transition to each of the other states, and consequently a 90% probability of remaining
in the same state.

Gaussians, we first chose one of the components at random with probability given by
the mixing coefficients 7 and then generate a sample vector x from the correspond-
ing Gaussian component. This process is repeated N times to generate a data set of
N independent samples. In the case of the hidden Markov model, this procedure is
modified as follows. We first choose the initial latent variable z, with probabilities
governed by the parameters 7, and then sample the corresponding observation X;.
Now we choose the state of the variable z, according to the transition probabilities
p(z2|21) using the already instantiated value of z;. Thus suppose that the sample for
z, corresponds to state j. Then we choose the state £ of z, with probabilities A
fork =1,..., K. Once we know z, we can draw a sample for x, and also sample
the next latent variable zs and so on. This is an example of ancestral sampling for

Section 8.1.2 a directed graphical model. If, for instance, we have a model in which the diago-
nal transition elements Ay, are much larger than the off-diagonal elements, then a
typical data sequence will have long runs of points generated from a single compo-
nent, with infrequent transitions from one component to another. The generation of
samples from a hidden Markov model is illustrated in Figure 13.8.

There are many variants of the standard HMM model, obtained for instance by
imposing constraints on the form of the transition matrix A (Rabiner, 1989). Here we
mention one of particular practical importance called the left-to-right HMM, which
is obtained by setting the elements Aj; of A to zero if k& < j, as illustrated in the
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Figure 13.9 Example of the state transition diagram for a 3-state A, Aoo Ass
left-to-right hidden Markov model. Note that once a
state has been vacated, it cannot later be re-entered. Q Q Q
Agg A3 D
—b —b
k=1 k=2 k=3
Az

state transition diagram for a 3-state HMM in Figure 13.9. Typically for such models
the initial state probabilities for p(z, ) are modified so that p(z11) = 1and p(z1;) = 0
for j = 1, in other words every sequence is constrained to start in state j = 1. The
transition matrix may be further constrained to ensure that large changes in the state
index do not occur, so that A, = 0if & > j + A. This type of model is illustrated
using a lattice diagram in Figure 13.10.

Many applications of hidden Markov models, for example speech recognition,
or on-line character recognition, make use of left-to-right architectures. As an illus-
tration of the left-to-right hidden Markov model, we consider an example involving
handwritten digits. This uses on-line data, meaning that each digit is represented
by the trajectory of the pen as a function of time in the form of a sequence of pen
coordinates, in contrast to the off-line digits data, discussed in Appendix A, which
comprises static two-dimensional pixellated images of the ink. Examples of the on-
line digits are shown in Figure 13.11. Here we train a hidden Markov model on a
subset of data comprising 45 examples of the digit ‘2°. There are K = 16 states,
each of which can generate a line segment of fixed length having one of 16 possible
angles, and so the emission distribution is simply a 16 x 16 table of probabilities
associated with the allowed angle values for each state index value. Transition prob-
abilities are all set to zero except for those that keep the state index k the same or
that increment it by 1, and the model parameters are optimized using 25 iterations of
EM. We can gain some insight into the resulting model by running it generatively, as
shown in Figure 13.11.

Figure 13.10 Lattice diagram for a 3-state left-
to-right HMM in which the state index & is allowed
to increase by at most 1 at each transition.

\ 4
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Top row: examples of on-line handwritten

digits. Bottom row: synthetic digits sam-
pled generatively from a left-to-right hid-
den Markov model that has been trained

on a data set of 45 handwritten digits.

2 2L

One of the most powerful properties of hidden Markov models is their ability to
exhibit some degree of invariance to local warping (compression and stretching) of
the time axis. To understand this, consider the way in which the digit ‘2’ is written
in the on-line handwritten digits example. A typical digit comprises two distinct
sections joined at a cusp. The first part of the digit, which starts at the top left, has a
sweeping arc down to the cusp or loop at the bottom left, followed by a second more-
or-less straight sweep ending at the bottom right. Natural variations in writing style
will cause the relative sizes of the two sections to vary, and hence the location of the
cusp or loop within the temporal sequence will vary. From a generative perspective
such variations can be accommodated by the hidden Markov model through changes
in the number of transitions to the same state versus the number of transitions to the
successive state. Note, however, that if a digit ‘2’ is written in the reverse order, that
is, starting at the bottom right and ending at the top left, then even though the pen tip
coordinates may be identical to an example from the training set, the probability of
the observations under the model will be extremely small. In the speech recognition
context, warping of the time axis is associated with natural variations in the speed of
speech, and again the hidden Markov model can accommodate such a distortion and
not penalize it too heavily.

13.2.1 Maximum likelihood for the HMM

If we have observed a data set X = {x1, ..., Xy}, we can determine the param-
eters of an HMM using maximum likelihood. The likelihood function is obtained
from the joint distribution (13.10) by marginalizing over the latent variables

p(X[0) =Y p(X,Z|6). (13.11)
Z

Because the joint distribution p(X, Z|@) does not factorize over n (in contrast to the
mixture distribution considered in Chapter 9), we cannot simply treat each of the
summations over z,, independently. Nor can we perform the summations explicitly
because there are N variables to be summed over, each of which has K states, re-
sulting in a total of KV terms. Thus the number of terms in the summation grows
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exponentially with the length of the chain. In fact, the summation in (13.11) cor-
responds to summing over exponentially many paths through the lattice diagram in
Figure 13.7.

We have already encountered a similar difficulty when we considered the infer-
ence problem for the simple chain of variables in Figure 8.32. There we were able
to make use of the conditional independence properties of the graph to re-order the
summations in order to obtain an algorithm whose cost scales linearly, instead of
exponentially, with the length of the chain. We shall apply a similar technique to the
hidden Markov model.

A further difficulty with the expression (13.11) for the likelihood function is that,
because it corresponds to a generalization of a mixture distribution, it represents a
summation over the emission models for different settings of the latent variables.
Direct maximization of the likelihood function will therefore lead to complex ex-
pressions with no closed-form solutions, as was the case for simple mixture models
(recall that a mixture model for i.i.d. data is a special case of the HMM).

We therefore turn to the expectation maximization algorithm to find an efficient
framework for maximizing the likelihood function in hidden Markov models. The
EM algorithm starts with some initial selection for the model parameters, which we
denote by 8. In the E step, we take these parameter values and find the posterior
distribution of the latent variables p(Z|X, 8°'!). We then use this posterior distri-
bution to evaluate the expectation of the logarithm of the complete-data likelihood
function, as a function of the parameters 6, to give the function Q(6, 0°'!) defined
by

Q(6,6°%) =) " p(Z[X,0°) Inp(X, Z|6). (13.12)
z

At this point, it is convenient to introduce some notation. We shall use 7(z,) to
denote the marginal posterior distribution of a latent variable z,,, and £(z,,—1, z,,) to
denote the joint posterior distribution of two successive latent variables, so that

Y(zn) = p(za|X,0% (13.13)

E(Zn-1,2n) = p(Zn_1,2,]X,0°%). (13.14)

For each value of n, we can store y(z,) using a set of K nonnegative numbers
that sum to unity, and similarly we can store (2,1, 2,) using a K x K matrix of
nonnegative numbers that again sum to unity. We shall also use (z,) to denote the
conditional probability of 2, = 1, with a similar use of notation for £(z,—1,j, Znk)

and for other probabilistic variables introduced later. Because the expectation of a
binary random variable is just the probability that it takes the value 1, we have

Y(znk) = Elzn] 27 2) 2k (13.15)
£(Zn—1,jaznk) = Ezn 1,]an ZW Z)Zn—1,j%nk- (1316)

If we substitute the joint distribution p(X, Z|0) given by (13.10) into (13.12),
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and make use of the definitions of v and £ , we obtain

N K K
Q(8,6°) Z’y 21k 1n7rk+ZZZ§ Zn—1,j, Znk) 1IN Ajg
n=2 j=1 k=1
N K

+ > (zar) I p(xaly)- (13.17)

n=1 k=1

The goal of the E step will be to evaluate the quantities v(z,,) and &(z,,_1, z,) effi-
ciently, and we shall discuss this in detail shortly.

In the M step, we maximize Q(6,0°') with respect to the parameters 8 =
{m, A, ¢} in which we treat v(z,,) and £(z,,—1, z,,) as constant. Maximization with
respect to 7t and A is easily achieved using appropriate Lagrange multipliers with
the results

T = (13.18)
2,)

N

Zf Zn— 1,75 an

n=2
K N
E E 5 Zn— 1,]7an

=1 n=2

Aj = (13.19)

The EM algorithm must be initialized by choosing starting values for 7w and A, which
should of course respect the summation constraints associated with their probabilis-
tic interpretation. Note that any elements of 7 or A that are set to zero initially will
remain zero in subsequent EM updates. A typical initialization procedure would
involve selecting random starting values for these parameters subject to the summa-
tion and non-negativity constraints. Note that no particular modification to the EM
results are required for the case of left-to-right models beyond choosing initial values
for the elements A, in which the appropriate elements are set to zero, because these
will remain zero throughout.

To maximize Q(6, 8°'!) with respect to ¢,,, we notice that only the final term
in (13.17) depends on ¢, and furthermore this term has exactly the same form as
the data-dependent term in the corresponding function for a standard mixture dis-
tribution for i.i.d. data, as can be seen by comparison with (9.40) for the case of a
Gaussian mixture. Here the quantities (2, ) are playing the role of the responsibil-
ities. If the parameters ¢, are independent for the different components, then this
term decouples into a sum of terms one for each value of k, each of which can be
maximized independently. We are then simply maximizing the weighted log likeli-
hood function for the emission density p(x|¢,,) with weights v(z,,x). Here we shall
suppose that this maximization can be done efficiently. For instance, in the case of
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Gaussian emission densities we have p(x|¢,) = N (x|u;,, k), and maximization
of the function Q(6, 8°') then gives

g, = "= (13.20)

», = 2=t ) (13.21)

NE

For the case of discrete multinomial observed variables, the conditional distribution
of the observations takes the form

K

D
p(x|z) = H plie (13.22)

i=1 k=1

and the corresponding M-step equations are given by

N
Z ’V(an)-rni

pik = = (13.23)

Z ’Y(znk)

An analogous result holds for Bernoulli observed variables.

The EM algorithm requires initial values for the parameters of the emission dis-
tribution. One way to set these is first to treat the data initially as i.i.d. and fit the
emission density by maximum likelihood, and then use the resulting values to ini-
tialize the parameters for EM.

13.2.2 The forward-backward algorithm

Next we seek an efficient procedure for evaluating the quantities 7(z,x) and
&(2n—1,j, Znk), corresponding to the E step of the EM algorithm. The graph for the
hidden Markov model, shown in Figure 13.5, is a tree, and so we know that the
posterior distribution of the latent variables can be obtained efficiently using a two-
stage message passing algorithm. In the particular context of the hidden Markov
model, this is known as the forward-backward algorithm (Rabiner, 1989), or the
Baum-Welch algorithm (Baum, 1972). There are in fact several variants of the basic
algorithm, all of which lead to the exact marginals, according to the precise form of
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the messages that are propagated along the chain (Jordan, 2007). We shall focus on
the most widely used of these, known as the alpha-beta algorithm.

As well as being of great practical importance in its own right, the forward-
backward algorithm provides us with a nice illustration of many of the concepts
introduced in earlier chapters. We shall therefore begin in this section with a ‘con-
ventional’ derivation of the forward-backward equations, making use of the sum
and product rules of probability, and exploiting conditional independence properties
which we shall obtain from the corresponding graphical model using d-separation.
Then in Section 13.2.3, we shall see how the forward-backward algorithm can be
obtained very simply as a specific example of the sum-product algorithm introduced
in Section 8.4.4.

It is worth emphasizing that evaluation of the posterior distributions of the latent
variables is independent of the form of the emission density p(x|z) or indeed of
whether the observed variables are continuous or discrete. All we require is the
values of the quantities p(x,|z,) for each value of z, for every n. Also, in this
section and the next we shall omit the explicit dependence on the model parameters
6°' because these fixed throughout.

We therefore begin by writing down the following conditional independence
properties (Jordan, 2007)

p(X|z,) = p(X1,...,Xn|Zn)

P(Xnt1y- -y XN|2Zn) (13.24)
P(X1y .oy Xn—1|Xn, Zn) P(X1y. .oy Xn—1|2n) (13.25)
X1y, Xn—1|Zn—1,2Zn) = p(X1,-.  Xp—1|Zn—1) (13.26)
P(Xnt1y - XN|ZnsZnt1) = P(Xntis---sXN|Znt1) (13.27)
P(Xnt2y -y XN|Znt1, Xnt1) = DP(Xnio,--o s XN|Zni1) (13.28)

p(X|2zpn—1,2n) P(X1,y. ey Xn—1|Zn—1)
P(Xn|2n)p(Xnit, - XN|2Zn) (13.29)
p(XN+1’X, ZN+1) = p(XN+1 ‘ZN-H) (13.30)
p(zn+i1lzn, X) = p(zniilzn) (13.31)
where X = {x1,...,xy}. These relations are most easily proved using d-separation.
For instance in the first of these results, we note that every path from any one of the
nodes X1, . ..,X,—1 to the node x,, passes through the node z,,, which is observed.

Because all such paths are head-to-tail, it follows that the conditional independence
property must hold. The reader should take a few moments to verify each of these
properties in turn, as an exercise in the application of d-separation. These relations
can also be proved directly, though with significantly greater effort, from the joint
distribution for the hidden Markov model using the sum and product rules of proba-
bility.

Let us begin by evaluating ~(z,x). Recall that for a discrete multinomial ran-
dom variable the expected value of one of its components is just the probability of
that component having the value 1. Thus we are interested in finding the posterior
distribution p(z,,|x1,...,xy) of z, given the observed data set X, ...,xy. This
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represents a vector of length K whose entries correspond to the expected values of
zZnk- Using Bayes’ theorem, we have

p(X|2n)p(z,)
p(X)

Note that the denominator p(X) is implicitly conditioned on the parameters 6°'
of the HMM and hence represents the likelihood function. Using the conditional
independence property (13.24), together with the product rule of probability, we
obtain

Y(Zn) = p(zn|X) = (13.32)

y(2) = p(X1,. .., Xn, zn;](D)(;nH, ey XN|2Zn) _ a(z;()}ﬁ(gzn) (1333)
where we have defined

a(zn) = p(Xi,-.. Xp,2Zn) (13.34)

B(zn) = p(Xntiy---,XN|2Zn)- (13.35)

The quantity «(z,,) represents the joint probability of observing all of the given
data up to time n and the value of z,,, whereas (3(z,,) represents the conditional
probability of all future data from time n + 1 up to N given the value of z,,. Again,
a(zy) and ((z,) each represent set of K numbers, one for each of the possible
settings of the 1-of-K coded binary vector z,,. We shall use the notation «(z,) to
denote the value of a(z,,) when z,,;, = 1, with an analogous interpretation of 3(z,).
We now derive recursion relations that allow «/(z,,) and (3(z,) to be evaluated
efficiently. Again, we shall make use of conditional independence properties, in
particular (13.25) and (13.26), together with the sum and product rules, allowing us
to express a(z,, ) in terms of a(z,,—1) as follows
a(zn) = p(X17"'7Xn7Zn)

= p(xl’ s 7X7’L’Zn)p(zn)

= P(Xn|Zn)p(X1, cee 7Xn—1|Zn)p(Zn)

= p(xn|zn)p(xla <oy Xn—1, Zn)

= p(xnlzn) ZP(XI,--~aXn—1aZn—1aZn)

Zp—1

= p(xnlzn) Z p(Xh ey Xp—1, Zn|zn—1)p(zn—1)

Zp—1

= p(xn|zn) Z p(Xh cee 7Xn—l|Zn—1)p(zn|zn—1)p(zn—l)

Zp—1

= p(xn|zn) Z p(xb ey Xp—1, Zn—l)p(zn|zn—1)

Zn—1

Making use of the definition (13.34) for «(z,,), we then obtain

a(zn) = p(Xp|2Zn) Z 0(Zn—1)p(Zn|Zn—1)- (13.36)

Zn—1
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lllustration of the forward recursion (13.36) for
evaluation of the « variables. In this fragment
of the lattice, we see that the quantity «a(zn1)
is obtained by taking the elements «(z,—1,;) of
a(zn—1) at step n—1 and summing them up with
weights given by Aj;, corresponding to the val-
ues of p(z,|z.—1), and then multiplying by the
data contribution p(xy|zn1).

It is worth taking a moment to study this recursion relation in some detail. Note
that there are K terms in the summation, and the right-hand side has to be evaluated
for each of the K values of z,, so each step of the a recursion has computational
cost that scaled like O(K?). The forward recursion equation for a(z,,) is illustrated
using a lattice diagram in Figure 13.12.

In order to start this recursion, we need an initial condition that is given by

K
a(z1) = p(x1,21) = p(z1)p(x:1]z1) = H {mep(x1|dy) 1" (13.37)
k=1

which tells us that «(z1%), for k = 1,..., K, takes the value mp(x1|¢;,). Starting
at the first node of the chain, we can then work along the chain and evaluate «(z,,)
for every latent node. Because each step of the recursion involves multiplying by a
K x K matrix, the overall cost of evaluating these quantities for the whole chain is
of O(K2N).

We can similarly find a recursion relation for the quantities 3(z,,) by making
use of the conditional independence properties (13.27) and (13.28) giving

B(zn) = p(Xnit,---,XN|Zn)
= Zp(xn+17---7XN7Zn+1‘Zn)
Zpg1

= Zp(xn+17"-7XN|ZnaZn+1)p(Zn+1|Zn)

Zn+1

= Zp(xn+la---7XN|Zn+1)p(Zn+l|Zn>

Zn+41

= Z p(Xn+2a o ,XN|Zn+1)P(Xn+1|Zn+1)P(Zn+1|Zn)~

Zn41
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Figure 13.13

lllustration of the backward recursion , B(zn+1,1)
(13.38) for evaluation of the 3 variables. In
this fragment of the lattice, we see that the
quantity B(zn1) is obtained by taking the
components 3(zn+1,5) of B(zn+1) at step \p(
n + 1 and summing them up with weights

given by the products of A;j, correspond- B(2n+1,2)
ing to the values of p(z,+1|z») and the cor-
responding values of the emission density
P(Xn|2nt1k)-

Xn|zn+1,1)

\ p(xn|zn+l,2)
ﬁ(zn+1,3)

" nt 1\p(xn|zn+1,3)

Making use of the definition (13.35) for 3(z,,), we then obtain

B(zn) = Y B(Zn+1)P(Xns1|Zn+1)P(Zn41]20). (13.38)

Zn+1

Note that in this case we have a backward message passing algorithm that evaluates
B(zy,) in terms of 3(z,1). At each step, we absorb the effect of observation x,,1
through the emission probability p(X,+1|2n,+1), multiply by the transition matrix
P(Zn11|2r), and then marginalize out z,, 1. This is illustrated in Figure 13.13.

Again we need a starting condition for the recursion, namely a value for 3(zy ).
This can be obtained by setting » = N in (13.33) and replacing «(zx) with its
definition (13.34) to give

p(X, ZN)/@(ZN)
p(X)
which we see will be correct provided we take 3(zx) = 1 for all settings of z .

In the M step equations, the quantity p(X) will cancel out, as can be seen, for
instance, in the M-step equation for p,;, given by (13.20), which takes the form

p(zn|X) = (13.39)

n

Z ’Y(an)xn Z a(znk)/@(znk)xn
wy, = =L = o= : (13.40)

n

S vler) D alznk)Bzan)

n=1

However, the quantity p(X) represents the likelihood function whose value we typ-
ically wish to monitor during the EM optimization, and so it is useful to be able to
evaluate it. If we sum both sides of (13.33) over z,,, and use the fact that the left-hand
side is a normalized distribution, we obtain

p(X) = a(z,)B(2n). (13.41)

Zn
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Thus we can evaluate the likelihood function by computing this sum, for any conve-
nient choice of n. For instance, if we only want to evaluate the likelihood function,
then we can do this by running the « recursion from the start to the end of the chain,
and then use this result for n = N, making use of the fact that 5(zy ) is a vector of
Is. In this case no (3 recursion is required, and we simply have

p(X) = a(zy). (13.42)

ZN

Let us take a moment to interpret this result for p(X). Recall that to compute the
likelihood we should take the joint distribution p(X,Z) and sum over all possible
values of Z. Each such value represents a particular choice of hidden state for every
time step, in other words every term in the summation is a path through the lattice
diagram, and recall that there are exponentially many such paths. By expressing
the likelihood function in the form (13.42), we have reduced the computational cost
from being exponential in the length of the chain to being linear by swapping the
order of the summation and multiplications, so that at each time step n we sum
the contributions from all paths passing through each of the states z,;, to give the
intermediate quantities «(zy,).

Next we consider the evaluation of the quantities & (2,1, Z,, ), which correspond
to the values of the conditional probabilities p(z,,—1, z,,|X) for each of the K x K
settings for (z,_1,%y). Using the definition of &(z,_1,%.), and applying Bayes’
theorem, we have

g(zn—lv Zn) = p<zn—1; Zn|X)
p(X|Zn—1; Zn)p(zn—h Zn)

p(X)
_ p<X1> e aXn—l|Zn—1)p(xn|zn)p(xn+1a e )Xlen)p(Zn|zn—1>p<zn—1)
p(X)
o O‘(anl)p(xn|Zn)p(zn|znfl)ﬂ(zn)
= p(X) (13.43)

where we have made use of the conditional independence property (13.29) together
with the definitions of «(z,,) and 3(z,,) given by (13.34) and (13.35). Thus we can
calculate the £(z,,—1, z,,) directly by using the results of the « and /3 recursions.
Let us summarize the steps required to train a hidden Markov model using
the EM algorithm. We first make an initial selection of the parameters 8°'¢ where
0 = (m,A,¢). The A and 7 parameters are often initialized either uniformly or
randomly from a uniform distribution (respecting their non-negativity and summa-
tion constraints). Initialization of the parameters ¢ will depend on the form of the
distribution. For instance in the case of Gaussians, the parameters p;,, might be ini-
tialized by applying the K -means algorithm to the data, and 3; might be initialized
to the covariance matrix of the corresponding K means cluster. Then we run both
the forward « recursion and the backward 3 recursion and use the results to evaluate
v(2zy,,) and &(z,,—1,2,). At this stage, we can also evaluate the likelihood function.
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This completes the E step, and we use the results to find a revised set of parameters
6" using the M-step equations from Section 13.2.1. We then continue to alternate
between E and M steps until some convergence criterion is satisfied, for instance
when the change in the likelihood function is below some threshold.

Note that in these recursion relations the observations enter through conditional
distributions of the form p(x,|z,). The recursions are therefore independent of
the type or dimensionality of the observed variables or the form of this conditional
distribution, so long as its value can be computed for each of the K possible states
of z,,. Since the observed variables {x,,} are fixed, the quantities p(x,,|z, ) can be
pre-computed as functions of z,, at the start of the EM algorithm, and remain fixed
throughout.

We have seen in earlier chapters that the maximum likelihood approach is most
effective when the number of data points is large in relation to the number of parame-
ters. Here we note that a hidden Markov model can be trained effectively, using max-
imum likelihood, provided the training sequence is sufficiently long. Alternatively,
we can make use of multiple shorter sequences, which requires a straightforward
modification of the hidden Markov model EM algorithm. In the case of left-to-right
models, this is particularly important because, in a given observation sequence, a
given state transition corresponding to a nondiagonal element of A will seen at most
once.

Another quantity of interest is the predictive distribution, in which the observed
datais X = {xy,...,xy} and we wish to predict x 1, which would be important
for real-time applications such as financial forecasting. Again we make use of the
sum and product rules together with the conditional independence properties (13.29)
and (13.31) giving

p(xNn41|X) = Z p(XN41,2n+1]X)
ZN 41
= Y pxnilzn)p(za ] X)
ZN 41
= Zp(XNH\ZNH)ZP(ZNH,ZMX)
ZN+1 ZN
= > pxnialzai) Y p(zvalzn)p(zn|X)
ZN+1 ZN
p(ZN,X)
= Zp(XN+1\ZN+1)ZP(ZN+1|ZN)W
ZN+1 ZN
1
= X > pxnialznen) Y p(avlzn)alzy) (13.44)
ZN+1 ZN

which can be evaluated by first running a forward « recursion and then computing
the final summations over zx and zx 1. The result of the first summation over zy
can be stored and used once the value of xp,; is observed in order to run the «
recursion forward to the next step in order to predict the subsequent value X o.
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Figure 13.14 A fragment of the fac- X z1 Zn—1 " Zn
tor graph representation for the hidden 7\ 7\ = 7\
Markov model. — — - —
g1 9n—1 gn
z Tn—1 Tn

Section 10.1

Section 8.4.4

Note that in (13.44), the influence of all data from x; to x is summarized in the K
values of «(zy ). Thus the predictive distribution can be carried forward indefinitely
using a fixed amount of storage, as may be required for real-time applications.

Here we have discussed the estimation of the parameters of an HMM using max-
imum likelihood. This framework is easily extended to regularized maximum likeli-
hood by introducing priors over the model parameters 7, A and ¢ whose values are
then estimated by maximizing their posterior probability. This can again be done us-
ing the EM algorithm in which the E step is the same as discussed above, and the M
step involves adding the log of the prior distribution p(8) to the function Q(6, 8°'9)
before maximization and represents a straightforward application of the techniques
developed at various points in this book. Furthermore, we can use variational meth-
ods to give a fully Bayesian treatment of the HMM in which we marginalize over the
parameter distributions (MacKay, 1997). As with maximum likelihood, this leads to
a two-pass forward-backward recursion to compute posterior probabilities.

13.2.3 The sum-product algorithm for the HMM

The directed graph that represents the hidden Markov model, shown in Fig-
ure 13.5, is a tree and so we can solve the problem of finding local marginals for the
hidden variables using the sum-product algorithm. Not surprisingly, this turns out to
be equivalent to the forward-backward algorithm considered in the previous section,
and so the sum-product algorithm therefore provides us with a simple way to derive
the alpha-beta recursion formulae.

We begin by transforming the directed graph of Figure 13.5 into a factor graph,
of which a representative fragment is shown in Figure 13.14. This form of the fac-
tor graph shows all variables, both latent and observed, explicitly. However, for
the purpose of solving the inference problem, we shall always be conditioning on
the variables x,...,Xy, and so we can simplify the factor graph by absorbing the
emission probabilities into the transition probability factors. This leads to the sim-
plified factor graph representation in Figure 13.15, in which the factors are given
by

h(z1) = p(z1)p(x1]z1) (13.45)
fn(znflazn) = p(zn|zn71)p(xn|zn)- (13.46)
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Figure 13.15 A simplified form of fac- p, f
tor graph to describe the hidden Markov . (... () .n ..
model. / / /

21 Zn—1 Zn

To derive the alpha-beta algorithm, we denote the final hidden variable zy as
the root node, and first pass messages from the leaf node h to the root. From the
general results (8.66) and (8.69) for message propagation, we see that the messages
which are propagated in the hidden Markov model take the form

MZV,L71—>f" (Zn—l) = //l'f,,,l,l—>z.,,,,1 (Zn—l) (1 347)
ppozn(Zn) = Y fa(Zno1,Z0)a,_—p,(Zoo1)  (13.48)

These equations represent the propagation of messages forward along the chain and
are equivalent to the alpha recursions derived in the previous section, as we shall
now show. Note that because the variable nodes z,, have only two neighbours, they
perform no computation.

We can eliminate /i, ., (zn—1) from (13.48) using (13.47) to give a recur-
sion for the f — z messages of the form

Uffn—>zn Zn an Zp— 17Zn)ufn 1—Zp l(zn 1) (13.49)

Zn—1

If we now recall the definition (13.46), and if we define

a(zn) = pf, -z, (Zn) (13.50)

then we obtain the alpha recursion given by (13.36). We also need to verify that
the quantities «(z,) are themselves equivalent to those defined previously. This
is easily done by using the initial condition (8.71) and noting that «(z;) is given
by h(z1) = p(z1)p(x1]z1) which is identical to (13.37). Because the initial « is
the same, and because they are iteratively computed using the same equation, all
subsequent « quantities must be the same.

Next we consider the messages that are propagated from the root node back to
the leaf node. These take the form

Hfni1—fn Z’ﬂ) Z fﬂ+1 Znazn+1)/-1'fyl+2—>fn+1 (Zn+1) (1351)

Zn+41

where, as before, we have eliminated the messages of the type z — f since the
variable nodes perform no computation. Using the definition (13.46) to substitute
for f,+1(2n, Zn 1), and defining

ﬂ(Zn) = :U’fn+1—>Zn (Zn) (1352)



Exercise 13.11

13.2. Hidden Markov Models 627

we obtain the beta recursion given by (13.38). Again, we can verify that the beta
variables themselves are equivalent by noting that (8.70) implies that the initial mes-
sage send by the root variable node is ji,, . f, (zn) = 1, which is identical to the
initialization of 3(z ) given in Section 13.2.2.

The sum-product algorithm also specifies how to evaluate the marginals once all
the messages have been evaluated. In particular, the result (8.63) shows that the local
marginal at the node z,, is given by the product of the incoming messages. Because

we have conditioned on the variables X = {x;,...,xy}, we are computing the
joint distribution
P(Zns X) = g, -2, (Zn) i f 12, (Z0) = (20)B(21). (13.53)

Dividing both sides by p(X), we then obtain

p(Zn, X) _ (zn)B(2zn)
p(X) p(X)

in agreement with (13.33). The result (13.43) can similarly be derived from (8.72).

(13.54)

'Y(Zn) =

13.2.4 Scaling factors

There is an important issue that must be addressed before we can make use of the
forward backward algorithm in practice. From the recursion relation (13.36), we note
that at each step the new value «(z,,) is obtained from the previous value a(z,,—1)
by multiplying by quantities p(z,|z,—1) and p(x, |z, ). Because these probabilities
are often significantly less than unity, as we work our way forward along the chain,
the values of «(z,,) can go to zero exponentially quickly. For moderate lengths of
chain (say 100 or so), the calculation of the «(z,) will soon exceed the dynamic
range of the computer, even if double precision floating point is used.

In the case of i.i.d. data, we implicitly circumvented this problem with the eval-
uation of likelihood functions by taking logarithms. Unfortunately, this will not help
here because we are forming sums of products of small numbers (we are in fact im-
plicitly summing over all possible paths through the lattice diagram of Figure 13.7).
We therefore work with re-scaled versions of «(z,,) and 3(z,,) whose values remain
of order unity. As we shall see, the corresponding scaling factors cancel out when
we use these re-scaled quantities in the EM algorithm.

In (13.34), we defined (z,,) = p(X1,...,Xn, Z,) representing the joint distri-
bution of all the observations up to x,, and the latent variable z,,. Now we define a
normalized version of « given by

a(zyn) = p(zn|xi,...,X,) = __alz) (13.55)

p(X1,. .., Xp)

which we expect to be well behaved numerically because it is a probability distribu-
tion over K variables for any value of n. In order to relate the scaled and original al-
pha variables, we introduce scaling factors defined by conditional distributions over
the observed variables

cn =p(Xp|X1, ..y Xp—1). (13.56)
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Exercise 13.15

From the product rule, we then have

p(xla cee 7xn) = Cm (1357)

i==b

and so

a(zn) = p(Zn|X1, ., Xn)D(X1, - o, X)) = (H cm> a(zy). (13.58)

m=1
We can then turn the recursion equation (13.36) for « into one for & given by
n@(2n) = P(Xn2n) > W(2n1)p(Zn|2n1). (13.59)
Zn—1

Note that at each stage of the forward message passing phase, used to evaluate a(z,, ),
we have to evaluate and store c,,, which is easily done because it is the coefficient
that normalizes the right-hand side of (13.59) to give a(z,,).

We can similarly define re-scaled variables (3(z,,) using

N
B(zn) = ( 11 cm> B(2n) (13.60)

m=n+1
which will again remain within machine precision because, from (13.35), the quan-

tities (3(z,,) are simply the ratio of two conditional probabilities

B(Zn) _ p(Xn+17 cee aXN|zn) .
p(xn+17 s 7XN|X17 e 7XTL)

(13.61)

The recursion result (13.38) for 3 then gives the following recursion for the re-scaled
variables R R
Cn—&-lﬂ(zn) - Z /B(Zn—i-l )p(xn—i-l |Zn+1 )p(zn+1 |Zn) (1362)
Znp 41
In applying this recursion relation, we make use of the scaling factors c,, that were
previously computed in the o phase.
From (13.57), we see that the likelihood function can be found using

N
p(X) =[] en- (13.63)
n=1

Similarly, using (13.33) and (13.43), together with (13.63), we see that the required
marginals are given by

~

Y(zn) = a(zn)B(zn) (13.64)
E(Zn-1,2n) = cnQ(Zn—1)p(Xn|20)p(2n|2-1)8(2n). (13.65)
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Finally, we note that there is an alternative formulation of the forward-backward
algorithm (Jordan, 2007) in which the backward pass is defined by a recursion based

~

the quantities v(z,) = a(z,)0(z,) instead of using 3(z,). This a—y recursion
requires that the forward pass be completed first so that all the quantities a(z,,)
are available for the backward pass, whereas the forward and backward passes of
the a—/3 algorithm can be done independently. Although these two algorithms have
comparable computational cost, the a—( version is the most commonly encountered
one in the case of hidden Markov models, whereas for linear dynamical systems a
recursion analogous to the a—y form is more usual.

13.2.5 The Viterbi algorithm

In many applications of hidden Markov models, the latent variables have some
meaningful interpretation, and so it is often of interest to find the most probable
sequence of hidden states for a given observation sequence. For instance in speech
recognition, we might wish to find the most probable phoneme sequence for a given
series of acoustic observations. Because the graph for the hidden Markov model is
a directed tree, this problem can be solved exactly using the max-sum algorithm.
We recall from our discussion in Section 8.4.5 that the problem of finding the most
probable sequence of latent states is not the same as that of finding the set of states
that are individually the most probable. The latter problem can be solved by first
running the forward-backward (sum-product) algorithm to find the latent variable
marginals 7(z,,) and then maximizing each of these individually (Duda et al., 2001).
However, the set of such states will not, in general, correspond to the most probable
sequence of states. In fact, this set of states might even represent a sequence having
zero probability, if it so happens that two successive states, which in isolation are
individually the most probable, are such that the transition matrix element connecting
them is zero.

In practice, we are usually interested in finding the most probable sequence of
states, and this can be solved efficiently using the max-sum algorithm, which in the
context of hidden Markov models is known as the Viterbi algorithm (Viterbi, 1967).
Note that the max-sum algorithm works with log probabilities and so there is no
need to use re-scaled variables as was done with the forward-backward algorithm.
Figure 13.16 shows a fragment of the hidden Markov model expanded as lattice
diagram. As we have already noted, the number of possible paths through the lattice
grows exponentially with the length of the chain. The Viterbi algorithm searches this
space of paths efficiently to find the most probable path with a computational cost
that grows only linearly with the length of the chain.

As with the sum-product algorithm, we first represent the hidden Markov model
as a factor graph, as shown in Figure 13.15. Again, we treat the variable node zy
as the root, and pass messages to the root starting with the leaf nodes. Using the
results (8.93) and (8.94), we see that the messages passed in the max-sum algorithm
are given by

Hap—fois(Zn) = Hfy s, (Zn) (13.66)
anﬂﬂzn“(zn-&-l) = n;ax {ln Jni1(Zn, Zny1) + Hzp— friin (zn)} . (13.67)
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Figure 13.16 A fragment of the HMM lattice >

showing two possible paths. The Viterbi algorithm

efficiently determines the most probable path from . — 1 D D D cee
amongst the exponentially many possibilities. For

any given path, the corresponding probability is

given by the product of the elements of the tran-

sition matrix A;;, corresponding to the probabil-

ities p(zn+1|zn) for each segment of the path,

along with the emission densities p(x,|k) asso- & = 2 D ce
ciated with each node on the path.

Exercise 13.16

n—2 n—1 n n+1

If we eliminate /1, ., , (z,) between these two equations, and make use of (13.46),
we obtain a recursion for the f — z messages of the form

W(2Znt1) = Inp(Xpt1|2Zni1) + max {Inp(x41|2n) + w(zn)} (13.68)
where we have introduced the notation w(z,,) = pf, -z, (2n ).
From (8.95) and (8.96), these messages are initialized using

w(z1) = Inp(z1) + Inp(xq|z1). (13.69)

where we have used (13.45). Note that to keep the notation uncluttered, we omit
the dependence on the model parameters 6 that are held fixed when finding the most
probable sequence.

The Viterbi algorithm can also be derived directly from the definition (13.6) of
the joint distribution by taking the logarithm and then exchanging maximizations
and summations. It is easily seen that the quantities w(z,,) have the probabilistic
interpretation

W(zp) = max  p(Xi,...,Xp,Z1y---Zn)- (13.70)
Z1,.eesZp—1

Once we have completed the final maximization over zy, we will obtain the
value of the joint distribution p(X, Z) corresponding to the most probable path. We
also wish to find the sequence of latent variable values that corresponds to this path.
To do this, we simply make use of the back-tracking procedure discussed in Sec-
tion 8.4.5. Specifically, we note that the maximization over z,, must be performed
for each of the K possible values of z,, ;. Suppose we keep a record of the values
of z,, that correspond to the maxima for each value of the K values of z,,, ;. Let us
denote this function by ¢ (k,) where k € {1,..., K}. Once we have passed mes-
sages to the end of the chain and found the most probable state of zy, we can then
use this function to backtrack along the chain by applying it recursively

e = o (kD2). (13.71)
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Intuitively, we can understand the Viterbi algorithm as follows. Naively, we
could consider explicitly all of the exponentially many paths through the lattice,
evaluate the probability for each, and then select the path having the highest proba-
bility. However, we notice that we can make a dramatic saving in computational cost
as follows. Suppose that for each path we evaluate its probability by summing up
products of transition and emission probabilities as we work our way forward along
each path through the lattice. Consider a particular time step n and a particular state
k at that time step. There will be many possible paths converging on the correspond-
ing node in the lattice diagram. However, we need only retain that particular path
that so far has the highest probability. Because there are K states at time step n, we
need to keep track of K such paths. At time step n + 1, there will be K? possible
paths to consider, comprising K possible paths leading out of each of the K current
states, but again we need only retain K of these corresponding to the best path for
each state at time n+ 1. When we reach the final time step /N we will discover which
state corresponds to the overall most probable path. Because there is a unique path
coming into that state we can trace the path back to step N — 1 to see what state it
occupied at that time, and so on back through the lattice to the state n = 1.

13.2.6 Extensions of the hidden Markov model

The basic hidden Markov model, along with the standard training algorithm
based on maximum likelihood, has been extended in numerous ways to meet the
requirements of particular applications. Here we discuss a few of the more important
examples.

We see from the digits example in Figure 13.11 that hidden Markov models can
be quite poor generative models for the data, because many of the synthetic digits
look quite unrepresentative of the training data. If the goal is sequence classifica-
tion, there can be significant benefit in determining the parameters of hidden Markov
models using discriminative rather than maximum likelihood techniques. Suppose
we have a training set of R observation sequences X,, where r = 1,..., R, each of
which is labelled according to its class m, where m = 1, ..., M. For each class, we
have a separate hidden Markov model with its own parameters 6,,,, and we treat the
problem of determining the parameter values as a standard classification problem in
which we optimize the cross-entropy

R
> Inp(m.|X,). (13.72)

Using Bayes’ theorem this can be expressed in terms of the sequence probabilities
associated with the hidden Markov models

R
Zln{ (X 16-)p(my) } (13.73)

r=1 Zl 1 (X |01)p(l)

where p(m) is the prior probability of class m. Optimization of this cost function
is more complex than for maximum likelihood (Kapadia, 1998), and in particular
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Figure 13.17 Section of an autoregressive hidden
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Markov model, in which the distribution
of the observation x, depends on a
subset of the previous observations as
well as on the hidden state z,,. In this
example, the distribution of x,, depends
on the two previous observations x,,_1
and x,,—2.

requires that every training sequence be evaluated under each of the models in or-
der to compute the denominator in (13.73). Hidden Markov models, coupled with
discriminative training methods, are widely used in speech recognition (Kapadia,
1998).

A significant weakness of the hidden Markov model is the way in which it rep-
resents the distribution of times for which the system remains in a given state. To see
the problem, note that the probability that a sequence sampled from a given hidden
Markov model will spend precisely 7" steps in state k& and then make a transition to a
different state is given by

p(T) = (Akk)T(l — Akk) X exp (—Tln Akk) (13.74)

and so is an exponentially decaying function of T'. For many applications, this will
be a very unrealistic model of state duration. The problem can be resolved by mod-
elling state duration directly in which the diagonal coefficients Ay, are all set to zero,
and each state k is explicitly associated with a probability distribution p(T'|k) of pos-
sible duration times. From a generative point of view, when a state & is entered, a
value 7T’ representing the number of time steps that the system will remain in state &
is then drawn from p(7'|k). The model then emits 7" values of the observed variable
X, which are generally assumed to be independent so that the corresponding emis-

sion density is simply Hthl p(x¢|k). This approach requires some straightforward
modifications to the EM optimization procedure (Rabiner, 1989).

Another limitation of the standard HMM is that it is poor at capturing long-
range correlations between the observed variables (i.e., between variables that are
separated by many time steps) because these must be mediated via the first-order
Markov chain of hidden states. Longer-range effects could in principle be included
by adding extra links to the graphical model of Figure 13.5. One way to address this
is to generalize the HMM to give the autoregressive hidden Markov model (Ephraim
et al., 1989), an example of which is shown in Figure 13.17. For discrete observa-
tions, this corresponds to expanded tables of conditional probabilities for the emis-
sion distributions. In the case of a Gaussian emission density, we can use the linear-
Gaussian framework in which the conditional distribution for x,, given the values
of the previous observations, and the value of z,, is a Gaussian whose mean is a
linear combination of the values of the conditioning variables. Clearly the number
of additional links in the graph must be limited to avoid an excessive the number of
free parameters. In the example shown in Figure 13.17, each observation depends on
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Figure 13.18 Example of an input-output hidden Up—1 u, Un+1

Exercise 13.18

Markov model. In this case, both the
emission probabilities and the transition
probabilities depend on the values of a
sequence of observations ui,...,uy.

the two preceding observed variables as well as on the hidden state. Although this
graph looks messy, we can again appeal to d-separation to see that in fact it still has
a simple probabilistic structure. In particular, if we imagine conditioning on z,, we
see that, as with the standard HMM, the values of z,,_; and z,; are independent,
corresponding to the conditional independence property (13.5). This is easily veri-
fied by noting that every path from node z,,_; to node z,; passes through at least
one observed node that is head-to-tail with respect to that path. As a consequence,
we can again use a forward-backward recursion in the E step of the EM algorithm to
determine the posterior distributions of the latent variables in a computational time
that is linear in the length of the chain. Similarly, the M step involves only a minor
modification of the standard M-step equations. In the case of Gaussian emission
densities this involves estimating the parameters using the standard linear regression
equations, discussed in Chapter 3.

We have seen that the autoregressive HMM appears as a natural extension of the
standard HMM when viewed as a graphical model. In fact the probabilistic graphical
modelling viewpoint motivates a plethora of different graphical structures based on
the HMM. Another example is the input-output hidden Markov model (Bengio and
Frasconi, 1995), in which we have a sequence of observed variables uy, ..., uy, in
addition to the output variables x, ..., Xy, whose values influence either the dis-
tribution of latent variables or output variables, or both. An example is shown in
Figure 13.18. This extends the HMM framework to the domain of supervised learn-
ing for sequential data. It is again easy to show, through the use of the d-separation
criterion, that the Markov property (13.5) for the chain of latent variables still holds.
To verify this, simply note that there is only one path from node z,,_; to node z,, 41
and this is head-to-tail with respect to the observed node z,,. This conditional inde-
pendence property again allows the formulation of a computationally efficient learn-
ing algorithm. In particular, we can determine the parameters 6 of the model by
maximizing the likelihood function L(0) = p(X|U, 8) where U is a matrix whose
rows are given by u. As a consequence of the conditional independence property
(13.5) this likelihood function can be maximized efficiently using an EM algorithm
in which the E step involves forward and backward recursions.

Another variant of the HMM worthy of mention is the factorial hidden Markov
model (Ghahramani and Jordan, 1997), in which there are multiple independent
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Figure 13.19

Figure 13.20

A factorial hidden Markov model com- (2 ) 7z
n Zn n+1

prising two Markov chains of latent vari-
ables. For continuous observed variables
X, one possible choice of emission model
is a linear-Gaussian density in which the
mean of the Gaussian is a linear combi-
nation of the states of the corresponding
latent variables.

Markov chains of latent variables, and the distribution of the observed variable at
a given time step is conditional on the states of all of the corresponding latent vari-
ables at that same time step. Figure 13.19 shows the corresponding graphical model.
The motivation for considering factorial HMM can be seen by noting that in order to
represent, say, 10 bits of information at a given time step, a standard HMM would
need K = 210 = 1024 latent states, whereas a factorial HMM could make use of 10
binary latent chains. The primary disadvantage of factorial HMMs, however, lies in
the additional complexity of training them. The M step for the factorial HMM model
is straightforward. However, observation of the x variables introduces dependencies
between the latent chains, leading to difficulties with the E step. This can be seen
by noting that in Figure 13.19, the variables 2\ and 2\?) are connected by a path
which is head-to-head at node x,, and hence they are not d-separated. The exact E
step for this model does not correspond to running forward and backward recursions
along the M Markov chains independently. This is confirmed by noting that the key
conditional independence property (13.5) is not satisfied for the individual Markov
chains in the factorial HMM model, as is shown using d-separation in Figure 13.20.
Now suppose that there are M chains of hidden nodes and for simplicity suppose
that all latent variables have the same number K of states. Then one approach would
be to note that there are K™ combinations of latent variables at a given time step

Example of a path, highlighted in green, 2 2
xamp p ighlig ing 22, 22 Z;J)rl

which is head-to-head at the observed
nodes x,_1 and x,41, and head-to-tail

at the unobserved nodes z? ., z{?) and

n—11
ZS—Q)—I' Thus the path is not blocked and

so the conditional independence property
(13.5) does not hold for the individual la-
tent chains of the factorial HMM model.
As a consequence, there is no efficient
exact E step for this model.
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and so we can transform the model into an equivalent standard HMM having a single
chain of latent variables each of which has K™ latent states. We can then run the
standard forward-backward recursions in the E step. This has computational com-
plexity O(N K?2M) that is exponential in the number M of latent chains and so will
be intractable for anything other than small values of M. One solution would be
to use sampling methods (discussed in Chapter 11). As an elegant deterministic al-
ternative, Ghahramani and Jordan (1997) exploited variational inference techniques
to obtain a tractable algorithm for approximate inference. This can be done using
a simple variational posterior distribution that is fully factorized with respect to the
latent variables, or alternatively by using a more powerful approach in which the
variational distribution is described by independent Markov chains corresponding to
the chains of latent variables in the original model. In the latter case, the variational
inference algorithms involves running independent forward and backward recursions
along each chain, which is computationally efficient and yet is also able to capture
correlations between variables within the same chain.

Clearly, there are many possible probabilistic structures that can be constructed
according to the needs of particular applications. Graphical models provide a general
technique for motivating, describing, and analysing such structures, and variational
methods provide a powerful framework for performing inference in those models for
which exact solution is intractable.

Linear Dynamical Systems

In order to motivate the concept of linear dynamical systems, let us consider the
following simple problem, which often arises in practical settings. Suppose we wish
to measure the value of an unknown quantity z using a noisy sensor that returns a
observation x representing the value of z plus zero-mean Gaussian noise. Given a
single measurement, our best guess for z is to assume that z = x. However, we
can improve our estimate for z by taking lots of measurements and averaging them,
because the random noise terms will tend to cancel each other. Now let’s make the
situation more complicated by assuming that we wish to measure a quantity z that
is changing over time. We can take regular measurements of x so that at some point
in time we have obtained x, . ..,Xy and we wish to find the corresponding values
Z1,...,xy. If we simply average the measurements, the error due to random noise
will be reduced, but unfortunately we will just obtain a single averaged estimate, in
which we have averaged over the changing value of z, thereby introducing a new
source of error.

Intuitively, we could imagine doing a bit better as follows. To estimate the value
of zy, we take only the most recent few measurements, say Xy—_r, ..., Xy and just
average these. If z is changing slowly, and the random noise level in the sensor is
high, it would make sense to choose a relatively long window of observations to
average. Conversely, if the signal is changing quickly, and the noise levels are small,
we might be better just to use x directly as our estimate of z,. Perhaps we could
do even better if we take a weighted average, in which more recent measurements
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make a greater contribution than less recent ones.

Although this sort of intuitive argument seems plausible, it does not tell us how
to form a weighted average, and any sort of hand-crafted weighing is hardly likely
to be optimal. Fortunately, we can address problems such as this much more sys-
tematically by defining a probabilistic model that captures the time evolution and
measurement processes and then applying the inference and learning methods devel-
oped in earlier chapters. Here we shall focus on a widely used model known as a
linear dynamical system.

As we have seen, the HMM corresponds to the state space model shown in
Figure 13.5 in which the latent variables are discrete but with arbitrary emission
probability distributions. This graph of course describes a much broader class of
probability distributions, all of which factorize according to (13.6). We now consider
extensions to other distributions for the latent variables. In particular, we consider
continuous latent variables in which the summations of the sum-product algorithm
become integrals. The general form of the inference algorithms will, however, be
the same as for the hidden Markov model. It is interesting to note that, historically,
hidden Markov models and linear dynamical systems were developed independently.
Once they are both expressed as graphical models, however, the deep relationship
between them immediately becomes apparent.

One key requirement is that we retain an efficient algorithm for inference which
is linear in the length of the chain. This requires that, for instance, when we take
a quantity (z,,_1), representing the posterior probability of z,, given observations
X1, .- .,Xp, and multiply by the transition probability p(z,,|z,_1) and the emission
probability p(x,,|z,) and then marginalize over z,,_;, we obtain a distribution over
z, that is of the same functional form as that over a(z,_1). That is to say, the
distribution must not become more complex at each stage, but must only change in
its parameter values. Not surprisingly, the only distributions that have this property
of being closed under multiplication are those belonging to the exponential family.

Here we consider the most important example from a practical perspective,
which is the Gaussian. In particular, we consider a linear-Gaussian state space model
so that the latent variables {z,,}, as well as the observed variables {x,, }, are multi-
variate Gaussian distributions whose means are linear functions of the states of their
parents in the graph. We have seen that a directed graph of linear-Gaussian units
is equivalent to a joint Gaussian distribution over all of the variables. Furthermore,
marginals such as a(z,,) are also Gaussian, so that the functional form of the mes-
sages is preserved and we will obtain an efficient inference algorithm. By contrast,
suppose that the emission densities p(x,,|z,,) comprise a mixture of K Gaussians
each of which has a mean that is linear in z,. Then even if a(z;) is Gaussian, the
quantity a(z,) will be a mixture of K Gaussians, a(z3) will be a mixture of K>
Gaussians, and so on, and exact inference will not be of practical value.

We have seen that the hidden Markov model can be viewed as an extension of
the mixture models of Chapter 9 to allow for sequential correlations in the data.
In a similar way, we can view the linear dynamical system as a generalization of the
continuous latent variable models of Chapter 12 such as probabilistic PCA and factor
analysis. Each pair of nodes {z,,,x,} represents a linear-Gaussian latent variable
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model for that particular observation. However, the latent variables {z, } are no
longer treated as independent but now form a Markov chain.

Because the model is represented by a tree-structured directed graph, inference
problems can be solved efficiently using the sum-product algorithm. The forward re-
cursions, analogous to the a messages of the hidden Markov model, are known as the
Kalman filter equations (Kalman, 1960; Zarchan and Musoff, 2005), and the back-
ward recursions, analogous to the § messages, are known as the Kalman smoother
equations, or the Rauch-Tung-Striebel (RTS) equations (Rauch et al., 1965). The
Kalman filter is widely used in many real-time tracking applications.

Because the linear dynamical system is a linear-Gaussian model, the joint distri-
bution over all variables, as well as all marginals and conditionals, will be Gaussian.
It follows that the sequence of individually most probable latent variable values is
the same as the most probable latent sequence. There is thus no need to consider the
analogue of the Viterbi algorithm for the linear dynamical system.

Because the model has linear-Gaussian conditional distributions, we can write
the transition and emission distributions in the general form

p(zn|Zn—1) = N(zn|Azp_1,T) (13.75)
p(xnlzn) = N(x,|Cz,,X). (13.76)

The initial latent variable also has a Gaussian distribution which we write as
p(z1) = N(z1|pg, Vo). (13.77)

Note that in order to simplify the notation, we have omitted additive constant terms
from the means of the Gaussians. In fact, it is straightforward to include them if
desired. Traditionally, these distributions are more commonly expressed in an equiv-
alent form in terms of noisy linear equations given by

z, = Az, 1+w, (13.78)
x, = Cz,+v, (13.79)
Z; = y+u (13.80)

where the noise terms have the distributions

w ~ N(w[0,T) (13.81)
v ~ N(v[0,%) (13.82)
u ~ N(ul0,Vy). (13.83)

The parameters of the model, denoted by 8 = {A,T',C, X, uy, Vo}, can be
determined using maximum likelihood through the EM algorithm. In the E step, we
need to solve the inference problem of determining the local posterior marginals for
the latent variables, which can be solved efficiently using the sum-product algorithm,
as we discuss in the next section.
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13.3.1 Inference in LDS

We now turn to the problem of finding the marginal distributions for the latent
variables conditional on the observation sequence. For given parameter settings, we
also wish to make predictions of the next latent state z,, and of the next observation
X, conditioned on the observed data x4, ..., x,_; for use in real-time applications.
These inference problems can be solved efficiently using the sum-product algorithm,
which in the context of the linear dynamical system gives rise to the Kalman filter
and Kalman smoother equations.

It is worth emphasizing that because the linear dynamical system is a linear-
Gaussian model, the joint distribution over all latent and observed variables is simply
a Gaussian, and so in principle we could solve inference problems by using the
standard results derived in previous chapters for the marginals and conditionals of a
multivariate Gaussian. The role of the sum-product algorithm is to provide a more
efficient way to perform such computations.

Linear dynamical systems have the identical factorization, given by (13.6), to
hidden Markov models, and are again described by the factor graphs in Figures 13.14
and 13.15. Inference algorithms therefore take precisely the same form except that
summations over latent variables are replaced by integrations. We begin by consid-
ering the forward equations in which we treat z,y as the root node, and propagate
messages from the leaf node h(z;) to the root. From (13.77), the initial message will
be Gaussian, and because each of the factors is Gaussian, all subsequent messages
will also be Gaussian. By convention, we shall propagate messages that are nor-
malized marginal distributions corresponding to p(z,, |x1, . . ., X, ), which we denote
by

a(zn) = N(zn|th,, V). (13.84)

This is precisely analogous to the propagation of scaled variables a(z,,) given by
(13.59) in the discrete case of the hidden Markov model, and so the recursion equa-
tion now takes the form

cn(zy) :p(xn|zn)/a(zn1)p(zn|zn1)dzn1. (13.85)

Substituting for the conditionals p(z,, |2, 1) and p(x, |z, ), using (13.75) and (13.76),
respectively, and making use of (13.84), we see that (13.85) becomes

N (2| o, Vi) = N(x,|C2zyp, 2)
/N(zn|Azn1, DN (Zn—1|ttyy—1, V1) dZp—1. (13.86)

Here we are supposing that p,,_, and V,,_; are known, and by evaluating the inte-
gral in (13.86), we wish to determine values for p,, and V,,. The integral is easily
evaluated by making use of the result (2.115), from which it follows that

/N(Zn|AZn—17 F)N(Zn—1|“7L—17 Vn—l) dzn—l
= N(zp|Ap, 1, Pp_1) (13.87)
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where we have defined
P, =AV, ;AT +T. (13.88)

We can now combine this result with the first factor on the right-hand side of (13.86)
by making use of (2.115) and (2.116) to give

B = Ap,  +Kin(x, —CAp,_,) (13.89)
vV, = I-K,C)P, (13.90)
cn = N(x,|CApu, ,,CP, ,CT+3%). (13.91)

Here we have made use of the matrix inverse identities (C.5) and (C.7) and also
defined the Kalman gain matrix

K, =P, ,C" (CP, ,CT+%)"". (13.92)

Thus, given the values of u,,_; and V,,_;, together with the new observation x,,,
we can evaluate the Gaussian marginal for z,, having mean p,, and covariance V,,,
as well as the normalization coefficient ¢,,.

The initial conditions for these recursion equations are obtained from

Cla(Zl) :p(Zl)p(X1|Z1). (1393)

Because p(z;) is given by (13.77), and p(x;|z;) is given by (13.76), we can again
make use of (2.115) to calculate ¢; and (2.116) to calculate p, and V; giving

o = po+Ki(xy — Cpuy) (13.94)
V, = (I-K,C)V, (13.95)
e = N(x1|Cpy, CV,C" + %) (13.96)
where .
K; =V,C" (CV,C" +3) . (13.97)

Similarly, the likelihood function for the linear dynamical system is given by (13.63)
in which the factors c,, are found using the Kalman filtering equations.

We can interpret the steps involved in going from the posterior marginal over
Z,—1 to the posterior marginal over z,, as follows. In (13.89), we can view the
quantity A p,,_ as the prediction of the mean over z,, obtained by simply taking the
mean over z,_; and projecting it forward one step using the transition probability
matrix A. This predicted mean would give a predicted observation for x,, given by
CAz,_ obtained by applying the emission probability matrix C to the predicted
hidden state mean. We can view the update equation (13.89) for the mean of the
hidden variable distribution as taking the predicted mean A p,,_, and then adding
a correction that is proportional to the error x,, — CAz,_; between the predicted
observation and the actual observation. The coefficient of this correction is given by
the Kalman gain matrix. Thus we can view the Kalman filter as a process of making
successive predictions and then correcting these predictions in the light of the new
observations. This is illustrated graphically in Figure 13.21.
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Zn—1 Zn

Figure 13.21 The linear dynamical system can be viewed as a sequence of steps in which increasing un-
certainty in the state variable due to diffusion is compensated by the arrival of new data. In the left-hand plot,
the blue curve shows the distribution p(z,_1|x1,...,x,—1), Which incorporates all the data up to step n — 1.
The diffusion arising from the nonzero variance of the transition probability p(z,|z.—1) gives the distribution
p(zn|x1,...,%xn-1), Shown in red in the centre plot. Note that this is broader and shifted relative to the blue curve
(which is shown dashed in the centre plot for comparison). The next data observation x,, contributes through the
emission density p(x.|z» ), which is shown as a function of z,, in green on the right-hand plot. Note that this is not
a density with respect to z,, and so is not normalized to one. Inclusion of this new data point leads to a revised
distribution p(z.|x1, ..., x,) for the state density shown in blue. We see that observation of the data has shifted
and narrowed the distribution compared to p(z.|x1,...,x»—1) (which is shown in dashed in the right-hand plot
for comparison).

If we consider a situation in which the measurement noise is small compared

to the rate at which the latent variable is evolving, then we find that the posterior
Exercise 13.27 distribution for z,, depends only on the current measurement x,,, in accordance with

the intuition from our simple example at the start of the section. Similarly, if the

latent variable is evolving slowly relative to the observation noise level, we find that

the posterior mean for z,, is obtained by averaging all of the measurements obtained
Exercise 13.28 up to that time.

One of the most important applications of the Kalman filter is to tracking, and
this is illustrated using a simple example of an object moving in two dimensions in
Figure 13.22.

So far, we have solved the inference problem of finding the posterior marginal
for a node z,, given observations from x; up to x,. Next we turn to the problem of
finding the marginal for a node z,, given all observations x; to xy. For temporal
data, this corresponds to the inclusion of future as well as past observations. Al-
though this cannot be used for real-time prediction, it plays a key role in learning the
parameters of the model. By analogy with the hidden Markov model, this problem
can be solved by propagating messages from node x, back to node x; and com-
bining this information with that obtained during the forward message passing stage
used to compute the a/(z,,).

In the LDS literature, it is usual to formulate this backward recursion in terms
of ¥(z,) = a(z,)3(zy) rather than in terms of 3(z,,). Because ~(z,,) must also be
Gaussian, we write it in the form

~

V() = &(20) B(Z0) = N (2| Vi) (13.98)

To derive the required recursion, we start from the backward recursion (13.62) for
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namical system being used to
track a moving object. The blue
points indicate the true positions
of the object in a two-dimensional
space at successive time steps,
the green points denote noisy
measurements of the positions,
and the red crosses indicate the
means of the inferred posterior
distributions of the positions ob-
tained by running the Kalman fil-
tering equations. The covari-
ances of the inferred positions
are indicated by the red ellipses,
which correspond to contours
having one standard deviation.

B(zy,), which, for continuous latent variables, can be written in the form

Cn+1B(Zn) = /ﬁ(zn+1)p(xn+1|zn+1)p(zn+1|zn) dzp 1. (13.99)

We now multiply both sides of (13.99) by a(z,,) and substitute for p(X;,,+1|2,+1)
and p(z,,11|z,) using (13.75) and (13.76). Then we make use of (13.89), (13.90)
and (13.91), together with (13.98), and after some manipulation we obtain

V., = V,+1J, (\7”“ - Pn) JT (13.101)
where we have defined
J, =V, AT (P,)"! (13.102)

and we have made use of AV,, = P,,J. Note that these recursions require that the
forward pass be completed first so that the quantities p,, and V,, will be available
for the backward pass.

For the EM algorithm, we also require the pairwise posterior marginals, which
can be obtained from (13.65) in the form

E(Zn1,20) = (cn) " Q(20—1)P(Xn|20)D(20|2-1)5(20)
N (Zn 1|1, Vo 1 )N (20| Az 1, T)N (5| C20r, DIN (20|, V1)
cn(zy) '

(13.103)

Substituting for a(z,,) using (13.84) and rearranging, we see that £(z,,_1,2,) is a
Gaussian with mean given with components y(z,,_) and 7(z, ), and a covariance
between z,, and z,,_ given by

cov[zn, Zn_1] = Jn_1 V. (13.104)
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Exercise 13.32

13.3.2 Learning in LDS

So far, we have considered the inference problem for linear dynamical systems,
assuming that the model parameters @ = {A,T", C, 3, p, V(o } are known. Next, we
consider the determination of these parameters using maximum likelihood (Ghahra-
mani and Hinton, 1996b). Because the model has latent variables, this can be ad-
dressed using the EM algorithm, which was discussed in general terms in Chapter 9.

We can derive the EM algorithm for the linear dynamical system as follows. Let
us denote the estimated parameter values at some particular cycle of the algorithm
by 6°'. For these parameter values, we can run the inference algorithm to determine
the posterior distribution of the latent variables p(Z|X, 8°'), or more precisely those
local posterior marginals that are required in the M step. In particular, we shall
require the following expectations

Elz,] = 0, (13.105)
E[z,2!_,] = 3,0V + B, (13.106)
E[z,2}] = Vo.+ @b, (13.107)

where we have used (13.104).
Now we consider the complete-data log likelihood function, which is obtained
by taking the logarithm of (13.6) and is therefore given by

N
np(X,Z|6) = lnp(z1|u0,V0)—|—Zlnp(zn|zn_1,A,I‘)

n=2

N
+ " Inp(xn|zn, C, %) (13.108)

n=1

in which we have made the dependence on the parameters explicit. We now take the
expectation of the complete-data log likelihood with respect to the posterior distri-
bution p(Z|X, 8°') which defines the function

Q(0,6°) = Egjgoa Inp(X, Z|6)] . (13.109)

In the M step, this function is maximized with respect to the components of 6.
Consider first the parameters p, and V. If we substitute for p(z|u,, Vo) in
(13.108) using (13.77), and then take the expectation with respect to Z, we obtain

. 1 1 _
Q(0,6°%) = —5 In[Vy| — Egzgoa §(z1 — o) Vi (z1 — pg)| + const

where all terms not dependent on g, or V have been absorbed into the additive
constant. Maximization with respect to p, and V is easily performed by making
use of the maximum likelihood solution for a Gaussian distribution discussed in
Section 2.3.4, giving
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ot = Elzq] (13.110)
Vi = Elziz]] - E[zi]E[z]]. (13.111)

Similarly, to optimize A and I', we substitute for p(z,,|z,,—1, A, T') in (13.108)
using (13.75) giving

N -1
Q6,6 = — In ||
| XN
—Ez|gora [2 ;(zn — Azn,l)Tl"_l(zn — Az, 1)| +const (13.112)

in which the constant comprises terms that are independent of A and I'. Maximizing
with respect to these parameters then gives

N N -
Anew (ZE[%&J) (ZE[%—lZZJ) (13.113)
2

reey = N_1 Z {E ZnZ, | — A™VE [zn 1ZT]

B[22 A+ AMVE [z, 120, ] (AT (13014)

Note that A" must be evaluated first, and the result can then be used to determine
IﬂneW.
Finally, in order to determine the new values of C and X, we substitute for

p(xXp|Zn, C, ) in (13.108) using (13.76) giving

QO.0") = T

-+ const.

N
Z —Cz,)"2 7' (x, — Cz,)

_]Ezleold

Maximizing with respect to C and X then gives

N N -
Crew  _— (Z x,E [ZE]) (ZE |:an3;]> (13115)
n=1 n=1

N
1
Y = N Z {xnx; — C*VE [z, x

n=1

—x,E [z} ] C™Y + C"VE 2,2, | C*V}.  (13.116)
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We have approached parameter learning in the linear dynamical system using
maximum likelihood. Inclusion of priors to give a MAP estimate is straightforward,
and a fully Bayesian treatment can be found by applying the analytical approxima-
tion techniques discussed in Chapter 10, though a detailed treatment is precluded
here due to lack of space.

13.3.3 Extensions of LDS

As with the hidden Markov model, there is considerable interest in extending
the basic linear dynamical system in order to increase its capabilities. Although the
assumption of a linear-Gaussian model leads to efficient algorithms for inference
and learning, it also implies that the marginal distribution of the observed variables
is simply a Gaussian, which represents a significant limitation. One simple extension
of the linear dynamical system is to use a Gaussian mixture as the initial distribution
for z;. If this mixture has K components, then the forward recursion equations
(13.85) will lead to a mixture of K Gaussians over each hidden variable z,,, and so
the model is again tractable.

For many applications, the Gaussian emission density is a poor approximation.
If instead we try to use a mixture of /X' Gaussians as the emission density, then the
posterior a(z;) will also be a mixture of K Gaussians. However, from (13.85) the
posterior a/(zz) will comprise a mixture of K? Gaussians, and so on, with a(z,)
being given by a mixture of K™ Gaussians. Thus the number of components grows
exponentially with the length of the chain, and so this model is impractical.

More generally, introducing transition or emission models that depart from the
linear-Gaussian (or other exponential family) model leads to an intractable infer-
ence problem. We can make deterministic approximations such as assumed den-
sity filtering or expectation propagation, or we can make use of sampling methods,
as discussed in Section 13.3.4. One widely used approach is to make a Gaussian
approximation by linearizing around the mean of the predicted distribution, which
gives rise to the extended Kalman filter (Zarchan and Musoff, 2005).

As with hidden Markov models, we can develop interesting extensions of the ba-
sic linear dynamical system by expanding its graphical representation. For example,
the switching state space model (Ghahramani and Hinton, 1998) can be viewed as
a combination of the hidden Markov model with a set of linear dynamical systems.
The model has multiple Markov chains of continuous linear-Gaussian latent vari-
ables, each of which is analogous to the latent chain of the linear dynamical system
discussed earlier, together with a Markov chain of discrete variables of the form used
in a hidden Markov model. The output at each time step is determined by stochas-
tically choosing one of the continuous latent chains, using the state of the discrete
latent variable as a switch, and then emitting an observation from the corresponding
conditional output distribution. Exact inference in this model is intractable, but vari-
ational methods lead to an efficient inference scheme involving forward-backward
recursions along each of the continuous and discrete Markov chains independently.
Note that, if we consider multiple chains of discrete latent variables, and use one as
the switch to select from the remainder, we obtain an analogous model having only
discrete latent variables known as the switching hidden Markov model.
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13.3.4 Particle filters

For dynamical systems which do not have a linear-Gaussian, for example, if
they use a non-Gaussian emission density, we can turn to sampling methods in order
to find a tractable inference algorithm. In particular, we can apply the sampling-
importance-resampling formalism of Section 11.1.5 to obtain a sequential Monte
Carlo algorithm known as the particle filter.

Consider the class of distributions represented by the graphical model in Fig-
ure 13.5, and suppose we are given the observed values X,, = (x3,...,X;,) and
we wish to draw L samples from the posterior distribution p(z,|X,,). Using Bayes’
theorem, we have

E[f(z.)] = / F(2)p(20]X) 2
= /f(zn)p(Zn|Xn7X7L—1)dzn
/ F(20) 950 20020 X 1) A2

/p(Xn|Zn)p(Zn|Xn1) dzn

1

> w2 (13.117)

=1

where {zg )} is a set of samples drawn from p(z,|X,,—1) and we have made use of
the conditional independence property p(X,|2n, Xn—1) = p(Xn |2z, ), which follows

from the graph in Figure 13.5. The sampling weights {w’} are defined by

l
o _ p(Xn|Z7(1))
Wn' = 51 (m)
Y omer P(Xnlzn)

where the same samples are used in the numerator as in the denominator. Thus the

(13.118)

posterior distribution p(z,|x,) is represented by the set of samples {z\,’} together

with the corresponding weights {wg )}. Note that these weights satisfy 0 < wﬁf 1

and ), wd =1.

Because we wish to find a sequential sampling scheme, we shall suppose that
a set of samples and weights have been obtained at time step n, and that we have
subsequently observed the value of x,, 1, and we wish to find the weights and sam-
ples at time step n + 1. We first sample from the distribution p(z,,1|X,,). This is
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straightforward since, again using Bayes’ theorem

P(Zn1Xn) = /p(zn+1|zn,Xn)p(ann)dzn

/p(zn+1|zn)p(znlxn) dz,
= /p(zn+1|zn)p(zn|xn>Xn—l)dZn

/p(zn+1 |Zn)p(xn |Zn)p(zn ‘Xn—l) dzn

/p(Xn|Zn)p(zn|Xn1) dzn

= ) wlp(znsa|2) (13.119)
l

where we have made use of the conditional independence properties

P(Zni1|2Zn, Xn) = p(Zni1|zn) (13.120)
P(Xn|Zn, Xn—1) = p(xn|zn) (13.121)

which follow from the application of the d-separation criterion to the graph in Fig-
ure 13.5. The distribution given by (13.119) is a mixture distribution, and samples
can be drawn by choosing a component [ with probability given by the mixing coef-
ficients w") and then drawing a sample from the corresponding component.

In summary, we can view each step of the particle filter algorithm as comprising
two stages. At time step n, we have a sample representation of the posterior dis-
tribution p(z,|X,,) expressed as samples {z."’} with corresponding weights {w'"}.
This can be viewed as a mixture representation of the form (13.119). To obtain the
corresponding representation for the next time step, we first draw L samples from
the mixture distribution (13.119), and then for each sample we use the new obser-
vation x,,1 to evaluate the corresponding weights wﬁllll X p(Xnt1 |z£fll) This is
illustrated, for the case of a single variable z, in Figure 13.23.

The particle filtering, or sequential Monte Carlo, approach has appeared in the
literature under various names including the bootstrap filter (Gordon et al., 1993),
survival of the fittest (Kanazawa et al., 1995), and the condensation algorithm (Isard
and Blake, 1998).

Exercises1

() M Use the technique of d-separation, discussed in Section 8.2, to verify
that the Markov model shown in Figure 13.3 having /V nodes in total satisfies the
conditional independence properties (13.3) for n = 2,..., N. Similarly, show that
a model described by the graph in Figure 13.4 in which there are N nodes in total
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P(2n|X0n)

P(2nt11Xn)

p(xn-i-l |Zn+1)

p(zn+1‘Xn+1) >

Figure 13.23 Schematic illustration of the operation of the particle filter for a one-dimensional latent

13.2

13.3

13.4

space. At time step n, the posterior p(z,|x») is represented as a mixture distribution,
shown schematically as circles whose sizes are proportional to the weights wi. A set of
L samples is then drawn from this distribution and the new weights w'") | evaluated using

n+1
l
P(xni1lzi ).

satisfies the conditional independence properties
p(xn|xla"°7xn71) :p(xn|xnflvxnf2) (13122)
forn=3,...,N.

(x*) Consider the joint probability distribution (13.2) corresponding to the directed
graph of Figure 13.3. Using the sum and product rules of probability, verify that
this joint distribution satisfies the conditional independence property (13.3) for n =
2,...,N. Similarly, show that the second-order Markov model described by the
joint distribution (13.4) satisfies the conditional independence property

p(xn|xla"‘7xn71) :p(xn|xnflaxn72) (13123)
forn=3,...,N.

(x) By using d-separation, show that the distribution p(xy, ..., xx) of the observed
data for the state space model represented by the directed graph in Figure 13.5 does
not satisfy any conditional independence properties and hence does not exhibit the
Markov property at any finite order.

(<) [ Consider a hidden Markov model in which the emission densities are
represented by a parametric model p(x|z, w), such as a linear regression model or
a neural network, in which w is a vector of adaptive parameters. Describe how the
parameters w can be learned from data using maximum likelihood.
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13.5

13.6

13.7

13.8

13.9

13.10

13.11

13.12

(x*) Verify the M-step equations (13.18) and (13.19) for the initial state probabili-
ties and transition probability parameters of the hidden Markov model by maximiza-
tion of the expected complete-data log likelihood function (13.17), using appropriate
Lagrange multipliers to enforce the summation constraints on the components of 7
and A.

(x) Show that if any elements of the parameters 7w or A for a hidden Markov
model are initially set to zero, then those elements will remain zero in all subsequent
updates of the EM algorithm.

(x) Consider a hidden Markov model with Gaussian emission densities. Show that
maximization of the function Q(6,0°'!) with respect to the mean and covariance
parameters of the Gaussians gives rise to the M-step equations (13.20) and (13.21).

(x») [ For a hidden Markov model having discrete observations governed by
a multinomial distribution, show that the conditional distribution of the observations
given the hidden variables is given by (13.22) and the corresponding M step equa-
tions are given by (13.23). Write down the analogous equations for the conditional
distribution and the M step equations for the case of a hidden Markov with multiple
binary output variables each of which is governed by a Bernoulli conditional dis-
tribution. Hint: refer to Sections 2.1 and 2.2 for a discussion of the corresponding
maximum likelihood solutions for i.i.d. data if required.

(x+) M Use the d-separation criterion to verify that the conditional indepen-
dence properties (13.24)—(13.31) are satisfied by the joint distribution for the hidden
Markov model defined by (13.6).

(x*x) By applying the sum and product rules of probability, verify that the condi-
tional independence properties (13.24)—(13.31) are satisfied by the joint distribution
for the hidden Markov model defined by (13.6).

(x %) Starting from the expression (8.72) for the marginal distribution over the vari-
ables of a factor in a factor graph, together with the results for the messages in the
sum-product algorithm obtained in Section 13.2.3, derive the result (13.43) for the
joint posterior distribution over two successive latent variables in a hidden Markov
model.

(x%) Suppose we wish to train a hidden Markov model by maximum likelihood
using data that comprises R independent sequences of observations, which we de-
note by X where 7 = 1,..., R. Show that in the E step of the EM algorithm,
we simply evaluate posterior probabilities for the latent variables by running the «
and [ recursions independently for each of the sequences. Also show that in the
M step, the initial probability and transition probability parameters are re-estimated
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using modified forms of (13.18 ) and (13.19) given by

T o= =L (13.124)

R N
PIPBUCEIL Y

A = I (13.125)
YD i

where, for notational convenience, we have assumed that the sequences are of the
same length (the generalization to sequences of different lengths is straightforward).
Similarly, show that the M-step equation for re-estimation of the means of Gaussian
emission models is given by

py, = . (13.126)

Note that the M-step equations for other emission model parameters and distributions
take an analogous form.

(<) I Use the definition (8.64) of the messages passed from a factor node
to a variable node in a factor graph, together with the expression (13.6) for the joint
distribution in a hidden Markov model, to show that the definition (13.50) of the
alpha message is the same as the definition (13.34).

(x%) Use the definition (8.67) of the messages passed from a factor node to a
variable node in a factor graph, together with the expression (13.6) for the joint
distribution in a hidden Markov model, to show that the definition (13.52) of the
beta message is the same as the definition (13.35).

(x%) Use the expressions (13.33) and (13.43) for the marginals in a hidden Markov
model to derive the corresponding results (13.64) and (13.65) expressed in terms of
re-scaled variables.

(x*x%) In this exercise, we derive the forward message passing equation for the
Viterbi algorithm directly from the expression (13.6) for the joint distribution. This
involves maximizing over all of the hidden variables zy, ..., zy. By taking the log-
arithm and then exchanging maximizations and summations, derive the recursion
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13.17

13.18

13.19

13.20
13.21

13.22

13.23

13.24

13.25

(13.68) where the quantities w(z,) are defined by (13.70). Show that the initial
condition for this recursion is given by (13.69).

() I Show that the directed graph for the input-output hidden Markov model,
given in Figure 13.18, can be expressed as a tree-structured factor graph of the form
shown in Figure 13.15 and write down expressions for the initial factor h(z;) and
for the general factor f,,(z,—1,2%y,) where 2 < n < N.

(x*x) Using the result of Exercise 13.17, derive the recursion equations, includ-
ing the initial conditions, for the forward-backward algorithm for the input-output
hidden Markov model shown in Figure 13.18.

() i The Kalman filter and smoother equations allow the posterior distribu-
tions over individual latent variables, conditioned on all of the observed variables,
to be found efficiently for linear dynamical systems. Show that the sequence of
latent variable values obtained by maximizing each of these posterior distributions
individually is the same as the most probable sequence of latent values. To do this,
simply note that the joint distribution of all latent and observed variables in a linear
dynamical system is Gaussian, and hence all conditionals and marginals will also be
Gaussian, and then make use of the result (2.98).

(x») [T Use the result (2.115) to prove (13.87).

(xx) Use the results (2.115) and (2.116), together with the matrix identities (C.5)
and (C.7), to derive the results (13.89), (13.90), and (13.91), where the Kalman gain
matrix K,, is defined by (13.92).

(<) M Using (13.93), together with the definitions (13.76) and (13.77) and
the result (2.115), derive (13.96).

(x%) Using (13.93), together with the definitions (13.76) and (13.77) and the result
(2.116), derive (13.94), (13.95) and (13.97).

(x») fIf Consider a generalization of (13.75) and (13.76) in which we include
constant terms a and c in the Gaussian means, so that

p(Zn|Zn—1) = N(2z,|Az,_1 +a,T) (13.127)
p(xn|2n) = N(x,|Czy, + ¢, X). (13.128)

Show that this extension can be re-case in the framework discussed in this chapter by
defining a state vector z with an additional component fixed at unity, and then aug-
menting the matrices A and C using extra columns corresponding to the parameters
aand c.

(x%) In this exercise, we show that when the Kalman filter equations are applied
to independent observations, they reduce to the results given in Section 2.3 for the
maximum likelihood solution for a single Gaussian distribution. Consider the prob-
lem of finding the mean p of a single Gaussian random variable x, in which we are
given a set of independent observations {z1,...,2zy}. To model this we can use
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a linear dynamical system governed by (13.75) and (13.76), with latent variables
{z1,...,2n} in which C becomes the identity matrix and where the transition prob-
ability A = 0 because the observations are independent. Let the parameters m,
and V| of the initial state be denoted by o and o3, respectively, and suppose that
¥ becomes o?. Write down the corresponding Kalman filter equations starting from
the general results (13.89) and (13.90), together with (13.94) and (13.95). Show that
these are equivalent to the results (2.141) and (2.142) obtained directly by consider-
ing independent data.

(xxx) Consider a special case of the linear dynamical system of Section 13.3 that is
equivalent to probabilistic PCA, so that the transition matrix A = 0, the covariance
I' = I, and the noise covariance ¥ = ¢2I. By making use of the matrix inversion
identity (C.7) show that, if the emission density matrix C is denoted W, then the
posterior distribution over the hidden states defined by (13.89) and (13.90) reduces
to the result (12.42) for probabilistic PCA.

(<) Kl Consider a linear dynamical system of the form discussed in Sec-
tion 13.3 in which the amplitude of the observation noise goes to zero, so that 3 = 0.
Show that the posterior distribution for z,, has mean x,, and zero variance. This
accords with our intuition that if there is no noise, we should just use the current
observation x,, to estimate the state variable z,, and ignore all previous observations.

(x*%) Consider a special case of the linear dynamical system of Section 13.3 in
which the state variable z,, is constrained to be equal to the previous state variable,
which corresponds to A = I and I' = 0. For simplicity, assume also that Vj — oo
so that the initial conditions for z are unimportant, and the predictions are determined
purely by the data. Use proof by induction to show that the posterior mean for state
z,, is determined by the average of xi,...,X,. This corresponds to the intuitive
result that if the state variable is constant, our best estimate is obtained by averaging
the observations.

(xxx) Starting from the backwards recursion equation (13.99), derive the RTS
smoothing equations (13.100) and (13.101) for the Gaussian linear dynamical sys-
tem.

(x*) Starting from the result (13.65) for the pairwise posterior marginal in a state
space model, derive the specific form (13.103) for the case of the Gaussian linear
dynamical system.

(x*) Starting from the result (13.103) and by substituting for a(z,,) using (13.84),
verify the result (13.104) for the covariance between z,, and z,, ;.

(<) [l Verify the results (13.110) and (13.111) for the M-step equations for
1o and Vy in the linear dynamical system.

(xx) Verity the results (13.113) and (13.114) for the M-step equations for A and '
in the linear dynamical system.



652 13. SEQUENTIAL DATA

13.34 (x%) Verify the results (13.115) and (13.116) for the M-step equations for C and X
in the linear dynamical system.



14

Combining

In earlier chapters, we have explored a range of different models for solving classifi-
cation and regression problems. It is often found that improved performance can be
obtained by combining multiple models together in some way, instead of just using
a single model in isolation. For instance, we might train L different models and then
make predictions using the average of the predictions made by each model. Such
combinations of models are sometimes called committees. In Section 14.2, we dis-
cuss ways to apply the committee concept in practice, and we also give some insight
into why it can sometimes be an effective procedure.

One important variant of the committee method, known as boosting, involves
training multiple models in sequence in which the error function used to train a par-
ticular model depends on the performance of the previous models. This can produce
substantial improvements in performance compared to the use of a single model and
is discussed in Section 14.3.

Instead of averaging the predictions of a set of models, an alternative form of

653
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14.1.

model combination is to select one of the models to make the prediction, in which
the choice of model is a function of the input variables. Thus different models be-
come responsible for making predictions in different regions of input space. One
widely used framework of this kind is known as a decision tree in which the selec-
tion process can be described as a sequence of binary selections corresponding to
the traversal of a tree structure and is discussed in Section 14.4. In this case, the
individual models are generally chosen to be very simple, and the overall flexibility
of the model arises from the input-dependent selection process. Decision trees can
be applied to both classification and regression problems.

One limitation of decision trees is that the division of input space is based on
hard splits in which only one model is responsible for making predictions for any
given value of the input variables. The decision process can be softened by moving
to a probabilistic framework for combining models, as discussed in Section 14.5. For
example, if we have a set of K models for a conditional distribution p(¢|x, k) where
x is the input variable, ¢ is the target variable, and k = 1, ..., K indexes the model,
then we can form a probabilistic mixture of the form

K
p(tx) =Y m(x)p(t/x, k) (14.1)
k=1

in which 7 (x) = p(k|x) represent the input-dependent mixing coefficients. Such
models can be viewed as mixture distributions in which the component densities, as
well as the mixing coefficients, are conditioned on the input variables and are known
as mixtures of experts. They are closely related to the mixture density network model
discussed in Section 5.6.

Bayesian Model Averaging

Section 9.2

It is important to distinguish between model combination methods and Bayesian
model averaging, as the two are often confused. To understand the difference, con-
sider the example of density estimation using a mixture of Gaussians in which several
Gaussian components are combined probabilistically. The model contains a binary
latent variable z that indicates which component of the mixture is responsible for
generating the corresponding data point. Thus the model is specified in terms of a
joint distribution

p(x,2) (14.2)

and the corresponding density over the observed variable x is obtained by marginal-
izing over the latent variable

p(x) = p(x,2). (14.3)
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In the case of our Gaussian mixture example, this leads to a distribution of the form

K
p(x) = > mN (x|, i) (14.4)

k=1

with the usual interpretation of the symbols. This is an example of model combi-
nation. For independent, identically distributed data, we can use (14.3) to write the

marginal probability of a data set X = {x1,...,xy} in the form
N N
p(X) =[] pxn) =[] [Zza(xn,zn)] : (14.5)
n=1 n=1 Zy

Thus we see that each observed data point x,, has a corresponding latent variable z,,.

Now suppose we have several different models indexed by h = 1,..., H with
prior probabilities p(h). For instance one model might be a mixture of Gaussians and
another model might be a mixture of Cauchy distributions. The marginal distribution
over the data set is given by

H

p(X) = p(X|h)p(h). (14.6)

h=1

This is an example of Bayesian model averaging. The interpretation of this summa-
tion over h is that just one model is responsible for generating the whole data set,
and the probability distribution over h simply reflects our uncertainty as to which
model that is. As the size of the data set increases, this uncertainty reduces, and
the posterior probabilities p(h|X) become increasingly focussed on just one of the
models.

This highlights the key difference between Bayesian model averaging and model
combination, because in Bayesian model averaging the whole data set is generated
by a single model. By contrast, when we combine multiple models, as in (14.5), we
see that different data points within the data set can potentially be generated from
different values of the latent variable z and hence by different components.

Although we have considered the marginal probability p(X), the same consid-
erations apply for the predictive density p(x|X) or for conditional distributions such
as p(t|x, X, T).

Committees

Section 3.2

The simplest way to construct a committee is to average the predictions of a set of
individual models. Such a procedure can be motivated from a frequentist perspective
by considering the trade-off between bias and variance, which decomposes the er-
ror due to a model into the bias component that arises from differences between the
model and the true function to be predicted, and the variance component that repre-
sents the sensitivity of the model to the individual data points. Recall from Figure 3.5
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that when we trained multiple polynomials using the sinusoidal data, and then aver-
aged the resulting functions, the contribution arising from the variance term tended to
cancel, leading to improved predictions. When we averaged a set of low-bias mod-
els (corresponding to higher order polynomials), we obtained accurate predictions
for the underlying sinusoidal function from which the data were generated.

In practice, of course, we have only a single data set, and so we have to find
a way to introduce variability between the different models within the committee.
One approach is to use bootstrap data sets, discussed in Section 1.2.3. Consider a
regression problem in which we are trying to predict the value of a single continuous
variable, and suppose we generate M bootstrap data sets and then use each to train
a separate copy Y., (x) of a predictive model where m = 1,..., M. The committee
prediction is given by

M
1
yocom(X) = i g Ym (X). 14.7)
m=1

This procedure is known as bootstrap aggregation or bagging (Breiman, 1996).

Suppose the true regression function that we are trying to predict is given by
h(x), so that the output of each of the models can be written as the true value plus
an error in the form

Ym(x) = h(x) + € (x). (14.8)
The average sum-of-squares error then takes the form
Ex [{ym (%) = h(x)}] = Ex [em (x)?] (14.9)

where E[-] denotes a frequentist expectation with respect to the distribution of the
input vector x. The average error made by the models acting individually is therefore

1 M
Eav =57 Bx [em(x)7]. (14.10)

m=1

Similarly, the expected error from the committee (14.7) is given by

o )
Ecom = Ex {MZym(x>—h<x>}

m=1

m=1

1 < ’
= Ey {MZem(X)} (14.11)

If we assume that the errors have zero mean and are uncorrelated, so that

Ex [em(x)] = 0 (14.12)
Ex [em(X)e(x)] = 0, m #£ 1 (14.13)
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then we obtain 1
Fcom = MEAV' (14.14)

This apparently dramatic result suggests that the average error of a model can be
reduced by a factor of M simply by averaging M versions of the model. Unfortu-
nately, it depends on the key assumption that the errors due to the individual models
are uncorrelated. In practice, the errors are typically highly correlated, and the reduc-
tion in overall error is generally small. It can, however, be shown that the expected
committee error will not exceed the expected error of the constituent models, so that
Fcom < Eav. Inorder to achieve more significant improvements, we turn to a more
sophisticated technique for building committees, known as boosting.

Boosting

Boosting is a powerful technique for combining multiple ‘base’ classifiers to produce
a form of committee whose performance can be significantly better than that of any
of the base classifiers. Here we describe the most widely used form of boosting
algorithm called AdaBoost, short for ‘adaptive boosting’, developed by Freund and
Schapire (1996). Boosting can give good results even if the base classifiers have a
performance that is only slightly better than random, and hence sometimes the base
classifiers are known as weak learners. Originally designed for solving classification
problems, boosting can also be extended to regression (Friedman, 2001).

The principal difference between boosting and the committee methods such as
bagging discussed above, is that the base classifiers are trained in sequence, and
each base classifier is trained using a weighted form of the data set in which the
weighting coefficient associated with each data point depends on the performance
of the previous classifiers. In particular, points that are misclassified by one of the
base classifiers are given greater weight when used to train the next classifier in
the sequence. Once all the classifiers have been trained, their predictions are then
combined through a weighted majority voting scheme, as illustrated schematically
in Figure 14.1.

Consider a two-class classification problem, in which the training data comprises
input vectors Xy, . . . , Xy along with corresponding binary target variables ¢y, ...,txn
where ¢, € {—1,1}. Each data point is given an associated weighting parameter
wy,, which is initially set 1/N for all data points. We shall suppose that we have
a procedure available for training a base classifier using weighted data to give a
function y(x) € {—1,1}. At each stage of the algorithm, AdaBoost trains a new
classifier using a data set in which the weighting coefficients are adjusted according
to the performance of the previously trained classifier so as to give greater weight
to the misclassified data points. Finally, when the desired number of base classifiers
have been trained, they are combined to form a committee using coefficients that
give different weight to different base classifiers. The precise form of the AdaBoost
algorithm is given below.
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Figure 14.1

Schematic illustration of the
boosting framework Each st e
base classifier y,, (x) is trained

on a weighted form of the train-
ing set (blue arrows) in which e e
the weights w{™ depend on

the performance of the pre-
vious base classifier y,,—1(x) Y1 (x) Y2(%) (%)

(green arrows). Once all base
classifiers have been trained,
they are combined to give

the final classifier Y (x) (red
arrows).

AdaBoost

1. Initialize the data weighting coefficients {w,, } by setting wi =1 /N for
n=1,...,N.

2. Form=1,...,M:

(a) Fit a classifier y,,,(x) to the training data by minimizing the weighted
error function

N
T = > w™ (Y (%) # tn) (14.15)
n=1

where (Y, (X,) # tn) is the indicator function and equals 1 when
Ym (Xn) # t, and O otherwise.
(b) Evaluate the quantities

N
€y = =2 ~ (14.16)

(m)

and then use these to evaluate

am—ln{l_em}. (14.17)

€m

(c) Update the data weighting coefficients

w™ D = ™ exp {am I (Y (%0) # tn)} (14.18)
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3. Make predictions using the final model, which is given by
M
Y (x) = sign (Z amym(x)> ) (14.19)
m=1

We see that the first base classifier y;(x) is trained using weighting coeffi-

cients w%l) that are all equal, which therefore corresponds to the usual procedure
for training a single classifier. From (14.18), we see that in subsequent iterations
the weighting coefficients wi™ are increased for data points that are misclassified
and decreased for data points that are correctly classified. Successive classifiers are
therefore forced to place greater emphasis on points that have been misclassified by
previous classifiers, and data points that continue to be misclassified by successive
classifiers receive ever greater weight. The quantities €, represent weighted mea-
sures of the error rates of each of the base classifiers on the data set. We therefore
see that the weighting coefficients «,,, defined by (14.17) give greater weight to the
more accurate classifiers when computing the overall output given by (14.19).

The AdaBoost algorithm is illustrated in Figure 14.2, using a subset of 30 data
points taken from the toy classification data set shown in Figure A.7. Here each base
learners consists of a threshold on one of the input variables. This simple classifier
corresponds to a form of decision tree known as a ‘decision stumps’, i.e., a deci-
sion tree with a single node. Thus each base learner classifies an input according to
whether one of the input features exceeds some threshold and therefore simply parti-
tions the space into two regions separated by a linear decision surface that is parallel
to one of the axes.

14.3.1 Minimizing exponential error

Boosting was originally motivated using statistical learning theory, leading to
upper bounds on the generalization error. However, these bounds turn out to be too
loose to have practical value, and the actual performance of boosting is much better
than the bounds alone would suggest. Friedman et al. (2000) gave a different and
very simple interpretation of boosting in terms of the sequential minimization of an
exponential error function.

Consider the exponential error function defined by

N
E =Y exp{—tnfm(xn)} (14.20)

n=1

where f,,(x) is a classifier defined in terms of a linear combination of base classifiers
yi(x) of the form

1 m
fn(®) =5 D o (x) (14.21)
=1

and t,, € {—1,1} are the training set target values. Our goal is to minimize E with
respect to both the weighting coefficients «; and the parameters of the base classifiers

Y1 (x).
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Figure 14.2 lllustration of boosting in which the base learners consist of simple thresholds applied to one or

other of the axes. Each figure shows the number m of base learners trained so far, along with the decision
boundary of the most recent base learner (dashed black line) and the combined decision boundary of the en-
semble (solid green line). Each data point is depicted by a circle whose radius indicates the weight assigned to
that data point when training the most recently added base learner. Thus, for instance, we see that points that
are misclassified by the m = 1 base learner are given greater weight when training the m = 2 base learner.

Instead of doing a global error function minimization, however, we shall sup-
pose that the base classifiers y;(x), ..., ym—1(x) are fixed, as are their coefficients
a1, ..., 0m—1, and so we are minimizing only with respect to «,,, and y,,(x). Sep-
arating off the contribution from base classifier y,,,(x), we can then write the error
function in the form

N

1
E = ZGXP {_tnfm—1<xn> - Qtnamym(xn)}
n=1
al 1
= Z w;m) exp {—2tnamym(xn)} (1422)
n=1

where the coefficients w!™ = exp{—t, fm—1(x,)} can be viewed as constants

because we are optimizing only «,, and y,,(x). If we denote by 7,, the set of
data points that are correctly classified by y,,(x), and if we denote the remaining
misclassified points by M,,, then we can in turn rewrite the error function in the
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form
n€Tm neEM,
N
= (6am/2 70‘7”/2 Z I ym Xn) 7ét 70‘7”/221”

(14.23)

When we minimize this with respect to y,,(x), we see that the second term is con-
stant, and so this is equivalent to minimizing (14.15) because the overall multiplica-
tive factor in front of the summation does not affect the location of the minimum.
Similarly, minimizing with respect to a.,,, we obtain (14.17) in which ¢,, is defined
by (14.16).

From (14.22) we see that, having found «,, and y,,,(x), the weights on the data
points are updated using

1
wm ) = (™ exp {2tnamym(xn)} ) (14.24)

Making use of the fact that

tnym(xn) =1- 2I(ym(xn) 7é tn) (14.25)

we see that the weights w%m) are updated at the next iteration using

w{m™ T = w(™ exp(—am /2) exp {m I (Ym(Xn) # tn)} . (14.26)

Because the term exp(—a,,,/2) is independent of n, we see that it weights all data
points by the same factor and so can be discarded. Thus we obtain (14.18).

Finally, once all the base classifiers are trained, new data points are classified by
evaluating the sign of the combined function defined according to (14.21). Because
the factor of 1/2 does not affect the sign it can be omitted, giving (14.19).

14.3.2 Error functions for boosting

The exponential error function that is minimized by the AdaBoost algorithm
differs from those considered in previous chapters. To gain some insight into the
nature of the exponential error function, we first consider the expected error given
by

B+ [exp{ —ty(x Z / exp{ —ty(x) }p(t[x)p(x) dx (14.27)
If we perform a variational minimization with respect to all possible functions y(x),

we obtain ( )
t=1|x
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Figure 14.3 Plot of the exponential (green) and “E(z)
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rescaled cross-entropy (red) error
functions along with the hinge er-
ror (blue) used in support vector
machines, and the misclassification
error (black). Note that for large
negative values of z = ty(x), the
cross-entropy gives a linearly in-
creasing penalty, whereas the expo-
nential loss gives an exponentially in-
creasing penalty.

—2 -1 0 1 2

which is half the log-odds. Thus the AdaBoost algorithm is seeking the best approx-
imation to the log odds ratio, within the space of functions represented by the linear
combination of base classifiers, subject to the constrained minimization resulting
from the sequential optimization strategy. This result motivates the use of the sign
function in (14.19) to arrive at the final classification decision.

We have already seen that the minimizer y(x) of the cross-entropy error (4.90)
for two-class classification is given by the posterior class probability. In the case
of a target variable ¢ € {—1,1}, we have seen that the error function is given by
In(1 + exp(—yt)). This is compared with the exponential error function in Fig-
ure 14.3, where we have divided the cross-entropy error by a constant factor In(2)
so that it passes through the point (0, 1) for ease of comparison. We see that both
can be seen as continuous approximations to the ideal misclassification error func-
tion. An advantage of the exponential error is that its sequential minimization leads
to the simple AdaBoost scheme. One drawback, however, is that it penalizes large
negative values of ty(x) much more strongly than cross-entropy. In particular, we
see that for large negative values of ty, the cross-entropy grows linearly with |ty|,
whereas the exponential error function grows exponentially with |ty|. Thus the ex-
ponential error function will be much less robust to outliers or misclassified data
points. Another important difference between cross-entropy and the exponential er-
ror function is that the latter cannot be interpreted as the log likelihood function of
any well-defined probabilistic model. Furthermore, the exponential error does not
generalize to classification problems having K > 2 classes, again in contrast to the
cross-entropy for a probabilistic model, which is easily generalized to give (4.108).

The interpretation of boosting as the sequential optimization of an additive model
under an exponential error (Friedman et al., 2000) opens the door to a wide range
of boosting-like algorithms, including multiclass extensions, by altering the choice
of error function. It also motivates the extension to regression problems (Friedman,
2001). If we consider a sum-of-squares error function for regression, then sequential
minimization of an additive model of the form (14.21) simply involves fitting each
new base classifier to the residual errors ¢,, — f,,,—1 (X, ) from the previous model. As
we have noted, however, the sum-of-squares error is not robust to outliers, and this
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(green) with the absolute error (red) E(z)

showing how the latter places much
less emphasis on large errors and
hence is more robust to outliers and
mislabelled data points.

-1 0 1 z

can be addressed by basing the boosting algorithm on the absolute deviation |y — |
instead. These two error functions are compared in Figure 14.4.

Tree-based Models

Figure 14.5

There are various simple, but widely used, models that work by partitioning the
input space into cuboid regions, whose edges are aligned with the axes, and then
assigning a simple model (for example, a constant) to each region. They can be
viewed as a model combination method in which only one model is responsible
for making predictions at any given point in input space. The process of selecting
a specific model, given a new input x, can be described by a sequential decision
making process corresponding to the traversal of a binary tree (one that splits into
two branches at each node). Here we focus on a particular tree-based framework
called classification and regression trees, or CART (Breiman et al., 1984), although
there are many other variants going by such names as ID3 and C4.5 (Quinlan, 1986;
Quinlan, 1993).

Figure 14.5 shows an illustration of a recursive binary partitioning of the input
space, along with the corresponding tree structure. In this example, the first step

lllustration of a two-dimensional in- %24
put space that has been partitioned
into five regions using axis-aligned E
boundaries.
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Figure 14.6 Binary tree corresponding to the par-

Exercise 14.10

titioning of input space shown in Fig-
ure 14.5.

A B C D E

divides the whole of the input space into two regions according to whether x; < 6,
or x; > 0 where 0 is a parameter of the model. This creates two subregions, each
of which can then be subdivided independently. For instance, the region z; < 6,
is further subdivided according to whether x5 < 6 or x5 > 6, giving rise to the
regions denoted A and B. The recursive subdivision can be described by the traversal
of the binary tree shown in Figure 14.6. For any new input x, we determine which
region it falls into by starting at the top of the tree at the root node and following
a path down to a specific leaf node according to the decision criteria at each node.
Note that such decision trees are not probabilistic graphical models.

Within each region, there is a separate model to predict the target variable. For
instance, in regression we might simply predict a constant over each region, or in
classification we might assign each region to a specific class. A key property of tree-
based models, which makes them popular in fields such as medical diagnosis, for
example, is that they are readily interpretable by humans because they correspond
to a sequence of binary decisions applied to the individual input variables. For in-
stance, to predict a patient’s disease, we might first ask “is their temperature greater
than some threshold?”. If the answer is yes, then we might next ask “is their blood
pressure less than some threshold?”. Each leaf of the tree is then associated with a
specific diagnosis.

In order to learn such a model from a training set, we have to determine the
structure of the tree, including which input variable is chosen at each node to form
the split criterion as well as the value of the threshold parameter 6; for the split. We
also have to determine the values of the predictive variable within each region.

Consider first a regression problem in which the goal is to predict a single target

variable ¢ from a D-dimensional vector x = (1,...,2p)T of input variables. The
training data consists of input vectors {xi,...,xy} along with the corresponding
continuous labels {t1, ..., ¢y }. If the partitioning of the input space is given, and we

minimize the sum-of-squares error function, then the optimal value of the predictive
variable within any given region is just given by the average of the values of ¢,, for
those data points that fall in that region.

Now consider how to determine the structure of the decision tree. Even for a
fixed number of nodes in the tree, the problem of determining the optimal structure
(including choice of input variable for each split as well as the corresponding thresh-
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olds) to minimize the sum-of-squares error is usually computationally infeasible due
to the combinatorially large number of possible solutions. Instead, a greedy opti-
mization is generally done by starting with a single root node, corresponding to the
whole input space, and then growing the tree by adding nodes one at a time. At each
step there will be some number of candidate regions in input space that can be split,
corresponding to the addition of a pair of leaf nodes to the existing tree. For each
of these, there is a choice of which of the D input variables to split, as well as the
value of the threshold. The joint optimization of the choice of region to split, and the
choice of input variable and threshold, can be done efficiently by exhaustive search
noting that, for a given choice of split variable and threshold, the optimal choice of
predictive variable is given by the local average of the data, as noted earlier. This
is repeated for all possible choices of variable to be split, and the one that gives the
smallest residual sum-of-squares error is retained.

Given a greedy strategy for growing the tree, there remains the issue of when
to stop adding nodes. A simple approach would be to stop when the reduction in
residual error falls below some threshold. However, it is found empirically that often
none of the available splits produces a significant reduction in error, and yet after
several more splits a substantial error reduction is found. For this reason, it is com-
mon practice to grow a large tree, using a stopping criterion based on the number
of data points associated with the leaf nodes, and then prune back the resulting tree.
The pruning is based on a criterion that balances residual error against a measure of
model complexity. If we denote the starting tree for pruning by 7j, then we define
T C Tj to be a subtree of Ty if it can be obtained by pruning nodes from T} (in
other words, by collapsing internal nodes by combining the corresponding regions).
Suppose the leaf nodes are indexed by 7 = 1,. .., |T|, with leaf node 7 representing
aregion R of input space having NV, data points, and |T'| denoting the total number
of leaf nodes. The optimal prediction for region R is then given by

1
b= > ta (14.29)
xXnER+

and the corresponding contribution to the residual sum-of-squares is then

Q(T)= Y {ta—u}". (14.30)

xn ER~
The pruning criterion is then given by

7|
C(T) =Y Q-(T)+ AT (14.31)
T=1

The regularization parameter A determines the trade-off between the overall residual
sum-of-squares error and the complexity of the model as measured by the number
|T| of leaf nodes, and its value is chosen by cross-validation.

For classification problems, the process of growing and pruning the tree is sim-
ilar, except that the sum-of-squares error is replaced by a more appropriate measure
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Exercise 14.11

14.5.

of performance. If we define p,i to be the proportion of data points in region R,
assigned to class k, where k = 1, ..., K, then two commonly used choices are the
cross-entropy

K
Qr(T) = prlnpry (14.32)
k=1
and the Gini index «
Qr(T) = pri(1—pri). (14.33)
k=1

These both vanish for p,;, = 0 and p,;, = 1 and have a maximum at p,;, = 0.5. They
encourage the formation of regions in which a high proportion of the data points are
assigned to one class. The cross entropy and the Gini index are better measures than
the misclassification rate for growing the tree because they are more sensitive to the
node probabilities. Also, unlike misclassification rate, they are differentiable and
hence better suited to gradient based optimization methods. For subsequent pruning
of the tree, the misclassification rate is generally used.

The human interpretability of a tree model such as CART is often seen as its
major strength. However, in practice it is found that the particular tree structure that
is learned is very sensitive to the details of the data set, so that a small change to the
training data can result in a very different set of splits (Hastie et al., 2001).

There are other problems with tree-based methods of the kind considered in
this section. One is that the splits are aligned with the axes of the feature space,
which may be very suboptimal. For instance, to separate two classes whose optimal
decision boundary runs at 45 degrees to the axes would need a large number of
axis-parallel splits of the input space as compared to a single non-axis-aligned split.
Furthermore, the splits in a decision tree are hard, so that each region of input space
is associated with one, and only one, leaf node model. The last issue is particularly
problematic in regression where we are typically aiming to model smooth functions,
and yet the tree model produces piecewise-constant predictions with discontinuities
at the split boundaries.

Conditional Mixture Models

Chapter 9

We have seen that standard decision trees are restricted by hard, axis-aligned splits of
the input space. These constraints can be relaxed, at the expense of interpretability,
by allowing soft, probabilistic splits that can be functions of all of the input variables,
not just one of them at a time. If we also give the leaf models a probabilistic inter-
pretation, we arrive at a fully probabilistic tree-based model called the hierarchical
mixture of experts, which we consider in Section 14.5.3.

An alternative way to motivate the hierarchical mixture of experts model is to
start with a standard probabilistic mixtures of unconditional density models such as
Gaussians and replace the component densities with conditional distributions. Here
we consider mixtures of linear regression models (Section 14.5.1) and mixtures of
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logistic regression models (Section 14.5.2). In the simplest case, the mixing coeffi-
cients are independent of the input variables. If we make a further generalization to
allow the mixing coefficients also to depend on the inputs then we obtain a mixture
of experts model. Finally, if we allow each component in the mixture model to be
itself a mixture of experts model, then we obtain a hierarchical mixture of experts.

14.5.1 Mixtures of linear regression models

One of the many advantages of giving a probabilistic interpretation to the lin-
ear regression model is that it can then be used as a component in more complex
probabilistic models. This can be done, for instance, by viewing the conditional
distribution representing the linear regression model as a node in a directed prob-
abilistic graph. Here we consider a simple example corresponding to a mixture of
linear regression models, which represents a straightforward extension of the Gaus-
sian mixture model discussed in Section 9.2 to the case of conditional Gaussian
distributions.

We therefore consider K linear regression models, each governed by its own
weight parameter wy. In many applications, it will be appropriate to use a common
noise variance, governed by a precision parameter (3, for all X' components, and this
is the case we consider here. We will once again restrict attention to a single target
variable ¢, though the extension to multiple outputs is straightforward. If we denote
the mixing coefficients by 7y, then the mixture distribution can be written

p(t|0) = Zm\f twre, 1) (14.34)

k=1

where 0 denotes the set of all adaptive parameters in the model, namely W = {wy,},
7 = {m}, and 3. The log likelihood function for this model, given a data set of
observations {¢,,, t,, }, then takes the form

Inp(t|e) = Zln (Zm/\ft wie,, 5~ )) (14.35)
n=1

where t = (t1,...,tn)T denotes the vector of target variables.

In order to maximize this likelihood function, we can once again appeal to the
EM algorithm, which will turn out to be a simple extension of the EM algorithm for
unconditional Gaussian mixtures of Section 9.2. We can therefore build on our expe-
rience with the unconditional mixture and introduce a set Z = {z,, } of binary latent
variables where z,, € {0,1} in which, for each data point n, all of the elements
k =1,..., K are zero except for a single value of 1 indicating which component
of the mixture was responsible for generating that data point. The joint distribution
over latent and observed variables can be represented by the graphical model shown
in Figure 14.7.

The complete-data log likelihood function then takes the form

Inp(t, Z|6) = ZZznk In { N (| WE by, 871} (14.36)
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Figure 14.7 Probabilistic directed graph representing a mixture of ( )

Exercise 14.14

linear regression models, defined by (14.35).

SN
W | n N

\ J

The EM algorithm begins by first choosing an initial value 8°' for the model param-
eters. In the E step, these parameter values are then used to evaluate the posterior
probabilities, or responsibilities, of each component k for every data point n given
by

(N )
Z]' WjN(tnlw;r¢n7 ﬁ_l)
The responsibilities are then used to determine the expectation, with respect to the

posterior distribution p(Z|t, 8°'%), of the complete-data log likelihood, which takes
the form

Vi = Elzn] = p(k|,,, 0°¢) = (14.37)

N K
Q(8,60°%) = Eg [Inp(t, Z|9)] ZZ Yo {07 + N (t, Wi, 371}
n=1 k=1

In the M step, we maximize the function Q(6, 8°'!) with respect to 8, keeping the
Ynk fixed. For the optimization with respect to the mixing coefficients m;, we need
to take account of the constraint Z x Tk = 1, which can be done with the aid of a
Lagrange multiplier, leading to an M-step re-estimation equation for 7 in the form

1 N
E= Z:l'Ynk- (14.38)

Note that this has exactly the same form as the corresponding result for a simple
mixture of unconditional Gaussians given by (9.22).

Next consider the maximization with respect to the parameter vector wy, of the
kM linear regression model. Substituting for the Gaussian distribution, we see that
the function Q (8, 8°'?), as a function of the parameter vector wy, takes the form

6. 6°10) Z%k {_ _ Wg(pn)Q} + const (14.39)

where the constant term includes the contributions from other weight vectors w; for
j # k. Note that the quantity we are maximizing is similar to the (negative of the)
standard sum-of-squares error (3.12) for a single linear regression model, but with
the inclusion of the responsibilities v,,;. This represents a weighted least squares
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problem, in which the term corresponding to the n'" data point carries a weighting
coefficient given by (7,x, which could be interpreted as an effective precision for
each data point. We see that each component linear regression model in the mixture,
governed by its own parameter vector wy, is fitted separately to the whole data set in
the M step, but with each data point n weighted by the responsibility ~,,;, that model
k takes for that data point. Setting the derivative of (14.39) with respect to wy, equal
to zero gives

N
0= vk (tn — Wi D,) &y, (14.40)

which we can write in matrix notation as
0=®"Ry(t— dwy) (14.41)

where Ry, = diag(yy,x) is a diagonal matrix of size N x N. Solving for wy, we
obtain )
wi = (2"R:®) @Ryt (14.42)

This represents a set of modified normal equations corresponding to the weighted
least squares problem, of the same form as (4.99) found in the context of logistic
regression. Note that after each E step, the matrix Ry will change and so we will
have to solve the normal equations afresh in the subsequent M step.

Finally, we maximize Q(6,6°'%) with respect to 3. Keeping only terms that
depend on 3, the function Q(6, 8°') can be written

Q(0,6°) = Z Zm {; Ing— g (tn — wE%)Q} : (14.43)

n=1 k=1

Setting the derivative with respect to 3 equal to zero, and rearranging, we obtain the
M-step equation for 3 in the form

1 leve 2
F= 2D vk (tn —widy,) (14.44)

n=1 k=1

Q

In Figure 14.8, we illustrate this EM algorithm using the simple example of
fitting a mixture of two straight lines to a data set having one input variable = and
one target variable ¢. The predictive density (14.34) is plotted in Figure 14.9 using
the converged parameter values obtained from the EM algorithm, corresponding to
the right-hand plot in Figure 14.8.  Also shown in this figure is the result of fitting
a single linear regression model, which gives a unimodal predictive density. We see
that the mixture model gives a much better representation of the data distribution,
and this is reflected in the higher likelihood value. However, the mixture model
also assigns significant probability mass to regions where there is no data because its
predictive distribution is bimodal for all values of «. This problem can be resolved by
extending the model to allow the mixture coefficients themselves to be functions of
z, leading to models such as the mixture density networks discussed in Section 5.6,
and hierarchical mixture of experts discussed in Section 14.5.3.
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Figure 14.8 Example of a synthetic data set, shown by the green points, having one input variable z and one
target variable ¢, together with a mixture of two linear regression models whose mean functions y(z, wi), where
k € {1,2}, are shown by the blue and red lines. The upper three plots show the initial configuration (left), the
result of running 30 iterations of EM (centre), and the result after 50 iterations of EM (right). Here 3 was initialized
to the reciprocal of the true variance of the set of target values. The lower three plots show the corresponding
responsibilities plotted as a vertical line for each data point in which the length of the blue segment gives the
posterior probability of the blue line for that data point (and similarly for the red segment).

14.5.2 Mixtures of logistic models

Because the logistic regression model defines a conditional distribution for the
target variable, given the input vector, it is straightforward to use it as the component
distribution in a mixture model, thereby giving rise to a richer family of conditional
distributions compared to a single logistic regression model. This example involves
a straightforward combination of ideas encountered in earlier sections of the book
and will help consolidate these for the reader.

The conditional distribution of the target variable, for a probabilistic mixture of
K logistic regression models, is given by

K
p(tl,0) => iy [1 -yl (14.45)
k=1

where ¢ is the feature vector, y, = o (w;fqb) is the output of component k, and 0
denotes the adjustable parameters namely {7} and {wy}.
Now suppose we are given a data set {¢,,,t,}. The corresponding likelihood
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Figure 14.9 The left plot shows the predictive conditional density corresponding to the converged solution in
Figure 14.8. This gives a log likelihood value of —3.0. A vertical slice through one of these plots at a particular
value of z represents the corresponding conditional distribution p(¢|z), which we see is bimodal. The plot on the
right shows the predictive density for a single linear regression model fitted to the same data set using maximum
likelihood. This model has a smaller log likelihood of —27.6.

function is then given by

N K
p(tl) =] <Z Ty, [1— ynk]l‘t"> (14.46)

n=1 \k=1
where y,;, = o(wi¢,) and t = (t1,...,ty)". We can maximize this likelihood
function iteratively by making use of the EM algorithm. This involves introducing

latent variables z,, that correspond to a 1-of-K coded binary indicator variable for
each data point n. The complete-data likelihood function is then given by

N K
pt.ZI0) = [T T {mel [ — gor) "} (14.47)

n=1k=1

where Z is the matrix of latent variables with elements z,;. We initialize the EM
algorithm by choosing an initial value 6°'“ for the model parameters. In the E step,
we then use these parameter values to evaluate the posterior probabilities of the com-
ponents k for each data point n, which are given by

myin [1— Yor] "

Zj ij:':} [1 - ynj]l
These responsibilities are then used to find the expected complete-data log likelihood
as a function of 6, given by
Q(8,0°) = Ez [Inp(t, Z[0)]
N K
= Z Yok {07+t Inypr + (1 —t,) In (1 — ypi)} . (14.49)
=1k

1 k=1

Yok = Elzn] = p(k|,,, 0°¢) = (14.48)

7tn .
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Section 4.3.3

Section 4.3.3

Exercise 14.16

The M step involves maximization of this function with respect to 6, keeping 0°",
and hence 7,1, fixed. Maximization with respect to 7, can be done in the usual way,
with a Lagrange multiplier to enforce the summation constraint ) , 7, = 1, giving

the familiar result
N

1
T = ; k- (14.50)
To determine the {w},}, we note that the Q(6,8°'!) function comprises a sum
over terms indexed by k each of which depends only on one of the vectors wy, so
that the different vectors are decoupled in the M step of the EM algorithm. In other
words, the different components interact only via the responsibilities, which are fixed
during the M step. Note that the M step does not have a closed-form solution and
must be solved iteratively using, for instance, the iterative reweighted least squares
(IRLS) algorithm. The gradient and the Hessian for the vector wy, are given by

N
ViQ = Y Yukltn — ynk) by, (14.51)
n=1
N
Hy = —ViViQ =Y vstnr(l = vur) b,y (14.52)
n=1

where V, denotes the gradient with respect to wy,. For fixed ,,x, these are indepen-
dent of {w } for j # k and so we can solve for each w;, separately using the IRLS
algorithm. Thus the M-step equations for component k correspond simply to fitting
a single logistic regression model to a weighted data set in which data point n carries
a weight ~,,;. Figure 14.10 shows an example of the mixture of logistic regression
models applied to a simple classification problem. The extension of this model to a
mixture of softmax models for more than two classes is straightforward.

14.5.3 Mixtures of experts

In Section 14.5.1, we considered a mixture of linear regression models, and in
Section 14.5.2 we discussed the analogous mixture of linear classifiers. Although
these simple mixtures extend the flexibility of linear models to include more com-
plex (e.g., multimodal) predictive distributions, they are still very limited. We can
further increase the capability of such models by allowing the mixing coefficients
themselves to be functions of the input variable, so that

K

pt}x) = > mi(x)pi(t]x). (14.53)

k=1

This is known as a mixture of experts model (Jacobs et al., 1991) in which the mix-
ing coefficients 7 (x) are known as gating functions and the individual component
densities py, (t|x) are called experts. The notion behind the terminology is that differ-
ent components can model the distribution in different regions of input space (they
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Figure 14.10 lllustration of a mixture of logistic regression models. The left plot shows data points drawn
from two classes denoted red and blue, in which the background colour (which varies from pure red to pure blue)
denotes the true probability of the class label. The centre plot shows the result of fitting a single logistic regression
model using maximum likelihood, in which the background colour denotes the corresponding probability of the
class label. Because the colour is a near-uniform purple, we see that the model assigns a probability of around
0.5 to each of the classes over most of input space. The right plot shows the result of fitting a mixture of two
logistic regression models, which now gives much higher probability to the correct labels for many of the points
in the blue class.

are ‘experts’ at making predictions in their own regions), and the gating functions
determine which components are dominant in which region.

The gating functions 7 (x) must satisfy the usual constraints for mixing co-
efficients, namely 0 < m,(x) < 1and ), mp(x) = 1. They can therefore be
represented, for example, by linear softmax models of the form (4.104) and (4.105).
If the experts are also linear (regression or classification) models, then the whole
model can be fitted efficiently using the EM algorithm, with iterative reweighted
least squares being employed in the M step (Jordan and Jacobs, 1994).

Such a model still has significant limitations due to the use of linear models
for the gating and expert functions. A much more flexible model is obtained by
using a multilevel gating function to give the hierarchical mixture of experts, or
HME model (Jordan and Jacobs, 1994). To understand the structure of this model,
imagine a mixture distribution in which each component in the mixture is itself a
mixture distribution. For simple unconditional mixtures, this hierarchical mixture is

Exercise 14.17 trivially equivalent to a single flat mixture distribution. However, when the mixing
coefficients are input dependent, this hierarchical model becomes nontrivial. The
HME model can also be viewed as a probabilistic version of decision trees discussed
in Section 14.4 and can again be trained efficiently by maximum likelihood using an

Section 4.3.3 EM algorithm with IRLS in the M step. A Bayesian treatment of the HME has been
given by Bishop and Svensén (2003) based on variational inference.

We shall not discuss the HME in detail here. However, it is worth pointing out
the close connection with the mixture density network discussed in Section 5.6. The
principal advantage of the mixtures of experts model is that it can be optimized by
EM in which the M step for each mixture component and gating model involves
a convex optimization (although the overall optimization is nonconvex). By con-
trast, the advantage of the mixture density network approach is that the component
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densities and the mixing coefficients share the hidden units of the neural network.
Furthermore, in the mixture density network, the splits of the input space are further
relaxed compared to the hierarchical mixture of experts in that they are not only soft,
and not constrained to be axis aligned, but they can also be nonlinear.

Exercises

14.2

14.3

14.4

14.5

(x») Kl Consider a set models of the form p(t|x, zp, 0, h) in which x is the
input vector, t is the target vector, h indexes the different models, z, is a latent vari-
able for model h, and 6}, is the set of parameters for model ~. Suppose the models
have prior probabilities p(h) and that we are given a training set X = {x3,...,xn}
and T = {t;,...,txy}. Write down the formulae needed to evaluate the predic-
tive distribution p(t|x, X, T) in which the latent variables and the model index are
marginalized out. Use these formulae to highlight the difference between Bayesian
averaging of different models and the use of latent variables within a single model.

(x) The expected sum-of-squares error Fxy for a simple committee model can
be defined by (14.10), and the expected error of the committee itself is given by
(14.11). Assuming that the individual errors satisfy (14.12) and (14.13), derive the
result (14.14).

(») B By making use of Jensen’s inequality (1.115), for the special case of
the convex function f(z) = z2, show that the average expected sum-of-squares
error Fay of the members of a simple committee model, given by (14.10), and the
expected error Econ of the committee itself, given by (14.11), satisfy

Ecom < Eay. (14.54)
(xx) By making use of Jensen’s in equality (1.115), show that the result (14.54)

derived in the previous exercise hods for any error function E(y), not just sum-of-
squares, provided it is a convex function of y.

(<) Il Consider a committee in which we allow unequal weighting of the
constituent models, so that

M
yoom(X) = Y amym(X). (14.55)
m=1

In order to ensure that the predictions yconm (x) remain within sensible limits, sup-
pose that we require that they be bounded at each value of x by the minimum and
maximum values given by any of the members of the committee, so that

ymin(x) < Ycom (X) < ymax(x>~ (1456)

Show that a necessary and sufficient condition for this constraint is that the coeffi-
cients o, satisfy

m > 0, = 1. (14.57)

iNgh
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Exercises 675

() i By differentiating the error function (14.23) with respect to a,, show
that the parameters <, in the AdaBoost algorithm are updated using (14.17) in
which €,, is defined by (14.16).

(x) By making a variational minimization of the expected exponential error function
given by (14.27) with respect to all possible functions y(x), show that the minimizing
function is given by (14.28).

(*x) Show that the exponential error function (14.20), which is minimized by the
AdaBoost algorithm, does not correspond to the log likelihood of any well-behaved
probabilistic model. This can be done by showing that the corresponding conditional
distribution p(¢|x) cannot be correctly normalized.

() I Show that the sequential minimization of the sum-of-squares error func-
tion for an additive model of the form (14.21) in the style of boosting simply involves
fitting each new base classifier to the residual errors ¢,,— f,,—1(x;,) from the previous
model.

(*x) Verity that if we minimize the sum-of-squares error between a set of training
values {t,,} and a single predictive value ¢, then the optimal solution for ¢ is given
by the mean of the {t,,}.

(x*) Consider a data set comprising 400 data points from class C; and 400 data
points from class Co. Suppose that a tree model A splits these into (300, 100) at
the first leaf node and (100, 300) at the second leaf node, where (n,m) denotes that
n points are assigned to C; and m points are assigned to C,. Similarly, suppose
that a second tree model B splits them into (200,400) and (200, 0). Evaluate the
misclassification rates for the two trees and hence show that they are equal. Similarly,
evaluate the cross-entropy (14.32) and Gini index (14.33) for the two trees and show
that they are both lower for tree B than for tree A.

(xx) Extend the results of Section 14.5.1 for a mixture of linear regression models
to the case of multiple target values described by a vector t. To do this, make use of
the results of Section 3.1.5.

(<) I Verify that the complete-data log likelihood function for the mixture of
linear regression models is given by (14.36).

(x) Use the technique of Lagrange multipliers (Appendix E) to show that the M-step
re-estimation equation for the mixing coefficients in the mixture of linear regression
models trained by maximum likelihood EM is given by (14.38).

() B We have already noted that if we use a squared loss function in a regres-
sion problem, the corresponding optimal prediction of the target variable for a new
input vector is given by the conditional mean of the predictive distribution. Show
that the conditional mean for the mixture of linear regression models discussed in
Section 14.5.1 is given by a linear combination of the means of each component dis-
tribution. Note that if the conditional distribution of the target data is multimodal,
the conditional mean can give poor predictions.
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14.16

14.17

(x*x) Extend the logistic regression mixture model of Section 14.5.2 to a mixture
of softmax classifiers representing C' > 2 classes. Write down the EM algorithm for
determining the parameters of this model through maximum likelihood.

(x+) Kl Consider a mixture model for a conditional distribution p(¢|x) of the
form

K
p(tx) =Y mrbi(tx) (14.58)
k=1

in which each mixture component v (¢|x) is itself a mixture model. Show that this
two-level hierarchical mixture is equivalent to a conventional single-level mixture
model. Now suppose that the mixing coefficients in both levels of such a hierar-
chical model are arbitrary functions of x. Again, show that this hierarchical model
is again equivalent to a single-level model with x-dependent mixing coefficients.
Finally, consider the case in which the mixing coefficients at both levels of the hi-
erarchical mixture are constrained to be linear classification (logistic or softmax)
models. Show that the hierarchical mixture cannot in general be represented by a
single-level mixture having linear classification models for the mixing coefficients.
Hint: to do this it is sufficient to construct a single counter-example, so consider a
mixture of two components in which one of those components is itself a mixture of
two components, with mixing coefficients given by linear-logistic models. Show that
this cannot be represented by a single-level mixture of 3 components having mixing
coefficients determined by a linear-softmax model.



Appendix A. Data Sets

In this appendix, we give a brief introduction to the data sets used to illustrate some
of the algorithms described in this book. Detailed information on file formats for
these data sets, as well as the data files themselves, can be obtained from the book
web site:

http://research.microsoft.com/~cmbishop/PRML

Handwritten Digits

The digits data used in this book is taken from the MNIST data set (LeCun et al.,
1998), which itself was constructed by modifying a subset of the much larger data
set produced by NIST (the National Institute of Standards and Technology). It com-
prises a training set of 60,000 examples and a test set of 10,000 examples. Some
of the data was collected from Census Bureau employees and the rest was collected
from high-school children, and care was taken to ensure that the test examples were
written by different individuals to the training examples.

The original NIST data had binary (black or white) pixels. To create MNIST,
these images were size normalized to fit in a 20 x 20 pixel box while preserving their
aspect ratio. As a consequence of the anti-aliasing used to change the resolution of
the images, the resulting MNIST digits are grey scale. These images were then
centred in a 28 x 28 box. Examples of the MNIST digits are shown in Figure A.1.

Error rates for classifying the digits range from 12% for a simple linear classi-
fier, through 0.56% for a carefully designed support vector machine, to 0.4% for a
convolutional neural network (LeCun et al., 1998).
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Figure A.1

One hundred examples of the
MNIST digits chosen at ran-
dom from the training set.
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Oil Flow

This is a synthetic data set that arose out of a project aimed at measuring nonin-
vasively the proportions of oil, water, and gas in North Sea oil transfer pipelines
(Bishop and James, 1993). It is based on the principle of dual-energy gamma densit-
ometry. The ideas is that if a narrow beam of gamma rays is passed through the pipe,
the attenuation in the intensity of the beam provides information about the density of
material along its path. Thus, for instance, the beam will be attenuated more strongly
by oil than by gas.

A single attenuation measurement alone is not sufficient because there are two
degrees of freedom corresponding to the fraction of oil and the fraction of water (the
fraction of gas is redundant because the three fractions must add to one). To address
this, two gamma beams of different energies (in other words different frequencies or
wavelengths) are passed through the pipe along the same path, and the attenuation of
each is measured. Because the absorbtion properties of different materials vary dif-
ferently as a function of energy, measurement of the attenuations at the two energies
provides two independent pieces of information. Given the known absorbtion prop-
erties of oil, water, and gas at the two energies, it is then a simple matter to calculate
the average fractions of oil and water (and hence of gas) measured along the path of
the gamma beams.

There is a further complication, however, associated with the motion of the ma-
terials along the pipe. If the flow velocity is small, then the oil floats on top of the
water with the gas sitting above the oil. This is known as a laminar or stratified
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Figure A.3
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The three geometrical configurations of the oil,
water, and gas phases used to generate the oil-
flow data set. For each configuration, the pro-
portions of the three phases can vary.

Stratified Annular

H oil
. Water

Gas

. Mix

Homogeneous

flow configuration and is illustrated in Figure A.2. As the flow velocity is increased,
more complex geometrical configurations of the oil, water, and gas can arise. For the
purposes of this data set, two specific idealizations are considered. In the annular
configuration the oil, water, and gas form concentric cylinders with the water around
the outside and the gas in the centre, whereas in the homogeneous configuration the
oil, water and gas are assumed to be intimately mixed as might occur at high flow
velocities under turbulent conditions. These configurations are also illustrated in
Figure A.2.

We have seen that a single dual-energy beam gives the oil and water fractions
measured along the path length, whereas we are interested in the volume fractions of
oil and water. This can be addressed by using multiple dual-energy gamma densit-
ometers whose beams pass through different regions of the pipe. For this particular
data set, there are six such beams, and their spatial arrangement is shown in Fig-
ure A.3. A single observation is therefore represented by a 12-dimensional vector
comprising the fractions of oil and water measured along the paths of each of the
beams. We are, however, interested in obtaining the overall volume fractions of the
three phases in the pipe. This is much like the classical problem of tomographic re-
construction, used in medical imaging for example, in which a two-dimensional dis-

Cross section of the pipe showing the arrangement of the
six beam lines, each of which comprises a single dual- /
energy gamma densitometer. Note that the vertical beams /
are asymmetrically arranged relative to the central axis /
N

ANIR

(shown by the dotted line).

v

/.
7

:
|
|
|
|
|
:
|
;
|
|
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tribution is to be reconstructed from an number of one-dimensional averages. Here
there are far fewer line measurements than in a typical tomography application. On
the other hand the range of geometrical configurations is much more limited, and so
the configuration, as well as the phase fractions, can be predicted with reasonable
accuracy from the densitometer data.

For safety reasons, the intensity of the gamma beams is kept relatively weak and
so to obtain an accurate measurement of the attenuation, the measured beam intensity
is integrated over a specific time interval. For a finite integration time, there are
random fluctuations in the measured intensity due to the fact that the gamma beams
comprise discrete packets of energy called photons. In practice, the integration time
is chosen as a compromise between reducing the noise level (which requires a long
integration time) and detecting temporal variations in the flow (which requires a short
integration time). The oil flow data set is generated using realistic known values for
the absorption properties of oil, water, and gas at the two gamma energies used, and
with a specific choice of integration time (10 seconds) chosen as characteristic of a
typical practical setup.

Each point in the data set is generated independently using the following steps:

1. Choose one of the three phase configurations at random with equal probability.

2. Choose three random numbers f;, f> and f3 from the uniform distribution over
(0,1) and define

T A
it fot fs' water fit+fotfs

This treats the three phases on an equal footing and ensures that the volume
fractions add to one.

Joir = (A.D)

3. For each of the six beam lines, calculate the effective path lengths through oil
and water for the given phase configuration.

4. Perturb the path lengths using the Poisson distribution based on the known
beam intensities and integration time to allow for the effect of photon statistics.

Each point in the data set comprises the 12 path length measurements, together
with the fractions of oil and water and a binary label describing the phase configu-
ration. The data set is divided into training, validation, and test sets, each of which
comprises 1,000 independent data points. Details of the data format are available
from the book web site.

In Bishop and James (1993), statistical machine learning techniques were used
to predict the volume fractions and also the geometrical configuration of the phases
shown in Figure A.2, from the 12-dimensional vector of measurements. The 12-
dimensional observation vectors can also be used to test data visualization algo-
rithms.

This data set has a rich and interesting structure, as follows. For any given
configuration there are two degrees of freedom corresponding to the fractions of
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oil and water, and so for infinite integration time the data will locally live on a two-
dimensional manifold. For a finite integration time, the individual data points will be
perturbed away from the manifold by the photon noise. In the homogeneous phase
configuration, the path lengths in oil and water are linearly related to the fractions of
oil and water, and so the data points lie close to a linear manifold. For the annular
configuration, the relationship between phase fraction and path length is nonlinear
and so the manifold will be nonlinear. In the case of the laminar configuration the
situation is even more complex because small variations in the phase fractions can
cause one of the horizontal phase boundaries to move across one of the horizontal
beam lines leading to a discontinuous jump in the 12-dimensional observation space.
In this way, the two-dimensional nonlinear manifold for the laminar configuration is
broken into six distinct segments. Note also that some of the manifolds for different
phase configurations meet at specific points, for example if the pipe is filled entirely
with oil, it corresponds to specific instances of the laminar, annular, and homoge-
neous configurations.

Old Faithful

Figure A.4

Old Faithful, shown in Figure A.4, is a hydrothermal geyser in Yellowstone National
Park in the state of Wyoming, U.S.A., and is a popular tourist attraction. Its name
stems from the supposed regularity of its eruptions.

The data set comprises 272 observations, each of which represents a single erup-
tion and contains two variables corresponding to the duration in minutes of the erup-
tion, and the time until the next eruption, also in minutes. Figure A.5 shows a plot of
the time to the next eruption versus the duration of the eruptions. It can be seen that
the time to the next eruption varies considerably, although knowledge of the duration
of the current eruption allows it to be predicted more accurately. Note that there exist
several other data sets relating to the eruptions of Old Faithful.

The Old Faithful geyser
in  Yellowstone National
Park. (©Bruce T. Gourley
www.brucegourley.com.
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Figure A.5 Plot of the time to the next eruption
L . : 100
in minutes (vertical axis) versus the
duration of the eruption in minutes
(horizontal axis) for the Old Faithful 90}
data set.
80
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Synthetic Data

Throughout the book, we use two simple synthetic data sets to illustrate many of the
algorithms. The first of these is a regression problem, based on the sinusoidal func-
tion, shown in Figure A.6. The input values {x,,} are generated uniformly in range
(0, 1), and the corresponding target values {¢,,} are obtained by first computing the
corresponding values of the function sin(27z), and then adding random noise with
a Gaussian distribution having standard deviation 0.3. Various forms of this data set,
having different numbers of data points, are used in the book.

The second data set is a classification problem having two classes, with equal
prior probabilities, and is shown in Figure A.7. The blue class is generated from a
single Gaussian while the red class comes from a mixture of two Gaussians. Be-
cause we know the class priors and the class-conditional densities, it is straightfor-
ward to evaluate and plot the true posterior probabilities as well as the minimum
misclassification-rate decision boundary, as shown in Figure A.7.
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—_

0 . 1 0 .

Figure A.6 The left-hand plot shows the synthetic regression data set along with the underlying sinusoidal
function from which the data points were generated. The right-hand plot shows the true conditional distribution
p(t|z) from which the labels are generated, in which the green curve denotes the mean, and the shaded region
spans one standard deviation on each side of the mean.

-2 0 2

Figure A.7 The left plot shows the synthetic classification data set with data from the two classes shown in
red and blue. On the right is a plot of the true posterior probabilities, shown on a colour scale going from pure
red denoting probability of the red class is 1 to pure blue denoting probability of the red class is 0. Because
these probabilities are known, the optimal decision boundary for minimizing the misclassification rate (which
corresponds to the contour along which the posterior probabilities for each class equal 0.5) can be evaluated
and is shown by the green curve. This decision boundary is also plotted on the left-hand figure.






Appendix B. Probability Distributions

In this appendix, we summarize the main properties of some of the most widely used
probability distributions, and for each distribution we list some key statistics such as
the expectation E[x], the variance (or covariance), the mode, and the entropy H[x].
All of these distributions are members of the exponential family and are widely used
as building blocks for more sophisticated probabilistic models.

Bernoulli

This is the distribution for a single binary variable x € {0, 1} representing, for
example, the result of flipping a coin. It is governed by a single continuous parameter
w € [0, 1] that represents the probability of x = 1.

Bern(z|u) = p®(1—p)'™" (B.1)
Elz] = pu (B.2)
varlz] = p(l—p) (B.3)

B 1 ifu > 0.5,
modefz] = { 0 otherwise (B.4)

Hlz] = —plnp—(1—p)n(l—p). (B.5)

The Bernoulli is a special case of the binomial distribution for the case of a single
observation. Its conjugate prior for y is the beta distribution.
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Beta

This is a distribution over a continuous variable ;1 € [0, 1], which is often used to
represent the probability for some binary event. It is governed by two parameters a
and b that are constrained by a > 0 and b > 0 to ensure that the distribution can be
normalized.

(a+b
Bota(ula,t) = bt 0 ) ®.6)
El] = — (B.7)
ab
il = e b 1) B8
1
mode[y] = m (B.9)

The beta is the conjugate prior for the Bernoulli distribution, for which a and b can
be interpreted as the effective prior number of observations of z = 1 and x = 0,
respectively. Its density is finite if @ > 1 and b > 1, otherwise there is a singularity
at p = 0 and/or 4 = 1. For a = b = 1, it reduces to a uniform distribution. The beta
distribution is a special case of the K -state Dirichlet distribution for K = 2.

Binomial

The binomial distribution gives the probability of observing m occurrences of x = 1
in a set of IV samples from a Bernoulli distribution, where the probability of observ-
ingz =1ispu€0,1].

N
Bin(m|N,u) = <m> ™ (1 — p)Nom (B.10)
Elm] = Npu (B.11)
varfm| = Np(l—p) (B.12)
mode[m] = [(N+1)u] (B.13)

where | (/N + 1) denotes the largest integer that is less than or equal to (N + 1),

and the quantity
N N!
= — B.14
<m> m!(N —m)! (B.14)

denotes the number of ways of choosing m objects out of a total of N identical
objects. Here m!, pronounced ‘factorial m’, denotes the product m x (m — 1) x
..., X2 x 1. The particular case of the binomial distribution for N = 1 is known as
the Bernoulli distribution, and for large N the binomial distribution is approximately
Gaussian. The conjugate prior for y is the beta distribution.
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Dirichlet
#e50t B The Dirichlet is a multivariate distribution over K random variables 0 < py < 1,
‘ ‘ 5 3 where k = 1, ..., K, subject to the constraints
K
0< e <1, > =1 (B.15)
k=1
Denoting gt = (1, ..., pux)T and a = (ay, ..., ax)T, we have
K
Dir(pla) = Cla) [ ug* ™ (B.16)
k=1
Ew] = % (B.17)
a
ak(a — Oék)
= o~ B.18
var|p] 82+ 1) ( )
e7180%
i = — X B.1
cov|pj ] G2(a+ 1) (B.19)
ap — 1
d = B.20
mode|yi] G- K ( )
Ellnpe] = v(ar) —9(Q) (B.21)
K
Hpl = =) (o= D {¢(ar) — @)} —InC(a)  (B.22)
k=1
where r@)
a
Cla) = (B.23)
)= 1(ay) - T(ax)
and
K
a= Z Q. (B.24)
k=1
Here i
P(a) = da InT'(a) (B.25)

is known as the digamma function (Abramowitz and Stegun, 1965). The parameters
o, are subject to the constraint oy, > 0 in order to ensure that the distribution can be
normalized.

The Dirichlet forms the conjugate prior for the multinomial distribution and rep-
resents a generalization of the beta distribution. In this case, the parameters «, can
be interpreted as effective numbers of observations of the corresponding values of
the K-dimensional binary observation vector x. As with the beta distribution, the
Dirichlet has finite density everywhere provided a;, > 1 for all k.
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Gamma

The Gamma is a probability distribution over a positive random variable 7 > 0
governed by parameters a and b that are subject to the constraints a > 0 and b > 0
to ensure that the distribution can be normalized.

Gam(t|a,b) = F(la) berile=0m (B.26)
E[r] = % (B.27)

varlr] = 5 (B.28)
mode[r] = a; 1 for a>1 (B.29)
Elln7] = (a)—1Inbd (B.30)

Hir] = InT'(a) — (a—1)¢(a) —Inb+a (B.31)

where () is the digamma function defined by (B.25). The gamma distribution is
the conjugate prior for the precision (inverse variance) of a univariate Gaussian. For
a > 1 the density is everywhere finite, and the special case of a = 1 is known as the
exponential distribution.

Gaussian

The Gaussian is the most widely used distribution for continuous variables. It is also
known as the normal distribution. In the case of a single variable z € (—o0, 00) itis
governed by two parameters, the mean p € (—oo, 00) and the variance o > 0.

1 1
N(z|p,0%) = Wexp{—w(z—u)Q} (B.32)
Elz] = u (B.33)
var[r] = o2 (B.34)
mode|[z] ,u (B.35)
H[z] = %ln02+%(1+ln(2ﬂ')). (B.36)

The inverse of the variance 7 = 1/0? is called the precision, and the square root
of the variance o is called the standard deviation. The conjugate prior for p is the
Gaussian, and the conjugate prior for 7 is the gamma distribution. If both x and 7
are unknown, their joint conjugate prior is the Gaussian-gamma distribution.

For a D-dimensional vector x, the Gaussian is governed by a D-dimensional
mean vector i and a D x D covariance matrix 3 that must be symmetric and
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positive-definite.

N(xl =) = (%;D/ S o {—;x )T x u)} (B.37)
Ex] = p (B.38)
covix] = X (B.39)
mode[x] m (B.40)

1 D
Hx] = 5 In|X|+ ) (14 In(27)). (B.41)

The inverse of the covariance matrix A = X! is the precision matrix, which is also
symmetric and positive definite. Averages of random variables tend to a Gaussian, by
the central limit theorem, and the sum of two Gaussian variables is again Gaussian.
The Gaussian is the distribution that maximizes the entropy for a given variance
(or covariance). Any linear transformation of a Gaussian random variable is again
Gaussian. The marginal distribution of a multivariate Gaussian with respect to a
subset of the variables is itself Gaussian, and similarly the conditional distribution is
also Gaussian. The conjugate prior for g is the Gaussian, the conjugate prior for A
is the Wishart, and the conjugate prior for (g, A) is the Gaussian-Wishart.

If we have a marginal Gaussian distribution for x and a conditional Gaussian
distribution for y given x in the form

p(x) = N(xlp, A (B.42)
plylx) = N(ylAx+b,L") (B.43)

then the marginal distribution of y, and the conditional distribution of x given y, are
given by

p(y) = N(y|[Ap+b L7 +AATAT) (B.44)
p(xly) = NEZ{A'L(y —b)+Au}, %) (B.45)

where
S =(A+ATLA). (B.46)

—1

If we have a joint Gaussian distribution A/ (x|, ) with A = X7 and we

define the following partitions

— Xa _ lJ’a
X = <Xb> ,  p= <Nb) (B.47)

2a,a 2ab Aaa Aab
2 = 5 A == B.48
(Eba 2bb> <Aba Abb) ( )
then the conditional distribution p(x,|x3) is given by
p(xalxs) = N(xtqp Aa) (B.49)

Bajpy = Mo — Mgy Aap(xp — ) (B.50)
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and the marginal distribution p(x,) is given by

P(Xa) = N (Xa|phgs Xaa)- (B.51)

Gaussian-Gamma

This is the conjugate prior distribution for a univariate Gaussian N (x|, A™!) in
which the mean p and the precision A are both unknown and is also called the
normal-gamma distribution. It comprises the product of a Gaussian distribution for
14, Whose precision is proportional to A\, and a gamma distribution over \.

P Mo, 8, a,0) = N (plpo, (BX) ") Gam(Ala, b). (B.52)

Gaussian-Wishart

This is the conjugate prior distribution for a multivariate Gaussian N (x|, A) in
which both the mean g and the precision A are unknown, and is also called the
normal-Wishart distribution. It comprises the product of a Gaussian distribution for
1, whose precision is proportional to A, and a Wishart distribution over A.

p(p”A“'l’O;/BvaV) :N(”’“l’Oa (ﬁA)_l) W(A|W7 V) (B53)

For the particular case of a scalar x, this is equivalent to the Gaussian-gamma distri-
bution.

Multinomial

If we generalize the Bernoulli distribution to an K -dimensional binary variable x
with components xj, € {0, 1} such that ), z; = 1, then we obtain the following
discrete distribution

K
p(x) = J[w (B.54)
k=1
E[xk] = Uk (BSS)
var[zg] = pr(l— pg) (B.56)
covizjrr] = Ljkp (B.57)

M
Hix] = =) pelnpy (B.58)
k=1
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where I, is the j, k element of the identity matrix. Because p(xy = 1) = py, the
parameters must satisfy 0 < i, < Land ), pp = 1.

The multinomial distribution is a multivariate generalization of the binomial and
gives the distribution over counts my, for a K-state discrete variable to be in state &
given a total number of observations V.

M

Mult(my, ma,...,mg|pu, N) = (mlm;\]‘ ‘ mM) H @ (B.59)
k=1

Elmig] = Nu (B.60)

var[myg] = Npg(l — pg) (B.61)

covimjmy| = —Np;pu (B.62)

where gt = (p11, ..., )", and the quantity

< N > = M (B.63)

mims ... MK my!. .. mg!

gives the number of ways of taking /N identical objects and assigning my, of them to
bin k for k =1, ..., K. The value of i, gives the probability of the random variable
taking state k, and so these parameters are subject to the constraints 0 < py, < 1
and ), pur = 1. The conjugate prior distribution for the parameters {s;} is the
Dirichlet.

Normal

The normal distribution is simply another name for the Gaussian. In this book, we
use the term Gaussian throughout, although we retain the conventional use of the
symbol A\ to denote this distribution. For consistency, we shall refer to the normal-
gamma distribution as the Gaussian-gamma distribution, and similarly the normal-
Wishart is called the Gaussian-Wishart.

Student’s t

This distribution was published by William Gosset in 1908, but his employer, Gui-
ness Breweries, required him to publish under a pseudonym, so he chose ‘Student’.
In the univariate form, Student’s t-distribution is obtained by placing a conjugate
gamma prior over the precision of a univariate Gaussian distribution and then inte-
grating out the precision variable. It can therefore be viewed as an infinite mixture
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of Gaussians having the same mean but different variances.

St(zl A v) = w+1/2><x)”2 [HW}‘”H” B

I'(v/2) TV v
Elz] = p for v>1 (B.65)
var[r] = %y i 5 for v > 2 (B.66)
mode[z] = pu. (B.67)

Here v > 0 is called the number of degrees of freedom of the distribution. The
particular case of v = 1 is called the Cauchy distribution.

For a D-dimensional variable x, Student’s t-distribution corresponds to marginal-
izing the precision matrix of a multivariate Gaussian with respect to a conjugate
Wishart prior and takes the form

St(x|pw, A,v) = F(Uﬁ;/zl)m) (Lf:rglli; [1 + Aﬂ e (B.68)
Ex] = p forv>1 (B.69)
covlx] = Vi2A_1 for v > 2 (B.70)
mode[x] = p (B.71)
where A? is the squared Mahalanobis distance defined by
A? = (x —p)"A(x — p). (B.72)

In the limit v — oo, the t-distribution reduces to a Gaussian with mean x and pre-
cision A. Student’s t-distribution provides a generalization of the Gaussian whose
maximum likelihood parameter values are robust to outliers.

Uniform

m This is a simple distribution for a continuous variable x defined over a finite interval
x € [a,b] where b > a.

| } l | U(ac|a, b) == b—a (B73)
Bzl = U ; a) (B.74)
PRY
varlz] = % (B.75)
H[z] = In(b—a). (B.76)

If 2 has distribution U(z|0, 1), then a + (b — a)x will have distribution U(z|a, b).
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Von Mises

The von Mises distribution, also known as the circular normal or the circular Gaus-
sian, is a univariate Gaussian-like periodic distribution for a variable 6 € [0, 27).

(0100, m) exp {mcos(6 — 0y)} (B.77)

271'[0(m)

where Iy(m) is the zeroth-order Bessel function of the first kind. The distribution
has period 27 so that p(f + 27) = p(0) for all . Care must be taken in interpret-
ing this distribution because simple expectations will be dependent on the (arbitrary)
choice of origin for the variable . The parameter 6 is analogous to the mean of a
univariate Gaussian, and the parameter m > 0, known as the concentration param-
eter, is analogous to the precision (inverse variance). For large m, the von Mises
distribution is approximately a Gaussian centred on 6.

Wishart

The Wishart distribution is the conjugate prior for the precision matrix of a multi-
variate Gaussian.

W(A|W,v) = B(W,v)|A|v=P~D/2 exp (-iTr(WlA)) (B.78)
where
D 1—4 —1
B(W, 1/) = |W|7V/2 <2VD/2 ﬂ_D(D—l)/4 Hl" <V_'—2_Z>> (B.79)
=1
E[A] = vW (B.80)
D .
EMllA] = Y @ (”+2H> +DIn2+ In|[W]| (B.81)
i=1
HA] = —InB(W,v)— (”_QLDE [In|A[] + % (B.82)

where W is a D x D symmetric, positive definite matrix, and () is the digamma
function defined by (B.25). The parameter v is called the number of degrees of
freedom of the distribution and is restricted to ¥ > D — 1 to ensure that the Gamma
function in the normalization factor is well-defined. In one dimension, the Wishart
reduces to the gamma distribution Gam(\|a, b) given by (B.26) with parameters
a=v/2andb=1/2W.






Appendix C. Properties of Matrices

In this appendix, we gather together some useful properties and identities involving
matrices and determinants. This is not intended to be an introductory tutorial, and
it is assumed that the reader is already familiar with basic linear algebra. For some
results, we indicate how to prove them, whereas in more complex cases we leave
the interested reader to refer to standard textbooks on the subject. In all cases, we
assume that inverses exist and that matrix dimensions are such that the formulae
are correctly defined. A comprehensive discussion of linear algebra can be found in
Golub and Van Loan (1996), and an extensive collection of matrix properties is given
by Liitkepohl (1996). Matrix derivatives are discussed in Magnus and Neudecker
(1999).

Basic Matrix Identities

A matrix A has elements A;; where 7 indexes the rows, and j indexes the columns.
We use Iy to denote the N x [V identity matrix (also called the unit matrix), and
where there is no ambiguity over dimensionality we simply use I. The transpose
matrix AT has elements (A™);; = A;;. From the definition of transpose, we have

(AB)" = BTA”T (C.1)

which can be verified by writing out the indices. The inverse of A, denoted A1,
satisfies
AAT'=ATTA =1 (C.2)

Because ABB 'A~! =1, we have
(AB)"' =B~ 'A". (C.3)
Also we have

(AT =(a)" (C4)
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which is easily proven by taking the transpose of (C.2) and applying (C.1).
A useful identity involving matrix inverses is the following

(P'+B"R'B)"'B'R! =PB"(BPB" +R) . (C.5)

which is easily verified by right multiplying both sides by (BPB™ + R)). Suppose
that P has dimensionality N x N while R has dimensionality M x M, so that B is
M x N. Thenif M < N, it will be much cheaper to evaluate the right-hand side of
(C.5) than the left-hand side. A special case that sometimes arises is

I+AB) 'A=A(I+BA) " (C.6)
Another useful identity involving inverses is the following:
(A+BD'C)'=A"'"-A"'B(D+CA'B)"!CA! (C.7)

which is known as the Woodbury identity and which can be verified by multiplying
both sides by (A + BD~!'C). This is useful, for instance, when A is large and
diagonal, and hence easy to invert, while B has many rows but few columns (and
conversely for C) so that the right-hand side is much cheaper to evaluate than the
left-hand side.

A set of vectors {ay,...,ay} is said to be linearly independent if the relation
>, 0na, = 0 holds only if all o, = 0. This implies that none of the vectors
can be expressed as a linear combination of the remainder. The rank of a matrix is
the maximum number of linearly independent rows (or equivalently the maximum
number of linearly independent columns).

Traces and Determinants

Trace and determinant apply to square matrices. The trace Tr(A) of a matrix A
is defined as the sum of the elements on the leading diagonal. By writing out the
indices, we see that

Tr(AB) = Tr(BA). (C.8)

By applying this formula multiple times to the product of three matrices, we see that
Tr(ABC) = Tr(CAB) = Tr(BCA) (C.9)

which is known as the cyclic property of the trace operator and which clearly extends
to the product of any number of matrices. The determinant |[A| of an N x N matrix
A is defined by

A] =) (£1)Ass, Agi, - Aniy, (C.10)

in which the sum is taken over all products consisting of precisely one element from
each row and one element from each column, with a coefficient +1 or —1 according
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to whether the permutation ii5 . .. iy is even or odd, respectively. Note that |I| = 1.
Thus, for a 2 x 2 matrix, the determinant takes the form

ai; Qg
a21  A22

Al =

= Q11022 — A12G21.- (C.11)

The determinant of a product of two matrices is given by
|AB| = |A||B| (C.12)
as can be shown from (C.10). Also, the determinant of an inverse matrix is given by

1
Al = C.13
A7 =1a] (C.13)

which can be shown by taking the determinant of (C.2) and applying (C.12).
If A and B are matrices of size N x M, then

Ix + AB"| = |1y, + A™B|. (C.14)

A useful special case is
Iy +ab"|=1+a"b (C.15)

where a and b are /N-dimensional column vectors.

Matrix Derivatives

Sometimes we need to consider derivatives of vectors and matrices with respect to
scalars. The derivative of a vector a with respect to a scalar x is itself a vector whose

components are given by
0 Oa;
< a) - (C.16)

ox ).~ ox
with an analogous definition for the derivative of a matrix. Derivatives with respect
to vectors and matrices can also be defined, for instance

Ox ox
— | = C.17
< 8a> i 8@2‘ ( )
and similarly
Oa 6ai
— = . C.18
( Ob ) . Ob; ( )
ij
The following is easily proven by writing out the components

(‘% (xTa) = gix (aTX) = a. (C.19)
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Similarly
0 0A 0B
—(AB)=—B+A—. 2
ox (AB) ox * ox (€20)
The derivative of the inverse of a matrix can be expressed as
0 0A
— (AT =-A""——A"! C21
Ox ( ) ox ( )

as can be shown by differentiating the equation A~'A = I using (C.20) and then
right multiplying by A~!. Also

0 [, 0A

which we shall prove later. If we choose x to be one of the elements of A, we have

Ty Tr (AB) = B;; (C.23)

as can be seen by writing out the matrices using index notation. We can write this
result more compactly in the form

8 _ T
SaTr(AB) =BT, (C.24)

With this notation, we have the following properties

0

T
AT (ATB) = B (C.25)
0
—Tr(A) =1 2
A TA) (€26)
iTr(ABAT) = AB+BY) (C.27)
0A
which can again be proven by writing out the matrix indices. We also have
0 _\T
A In|A|=(A™") (C.28)

which follows from (C.22) and (C.26).

Eigenvector Equation

For a square matrix A of size M x M, the eigenvector equation is defined by
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fori =1,..., M, where u, is an eigenvector and J; is the corresponding eigenvalue.
This can be viewed as a set of M simultaneous homogeneous linear equations, and
the condition for a solution is that

A —X\I =0 (C.30)

which is known as the characteristic equation. Because this is a polynomial of order
M in );, it must have M solutions (though these need not all be distinct). The rank
of A is equal to the number of nonzero eigenvalues.

Of particular interest are symmetric matrices, which arise as covariance ma-
trices, kernel matrices, and Hessians. Symmetric matrices have the property that
A;j = Aj;, orequivalently AT = A. The inverse of a symmetric matrix is also sym-
metric, as can be seen by taking the transpose of A"'A = I and using AA~! =1
together with the symmetry of 1.

In general, the eigenvalues of a matrix are complex numbers, but for symmetric
matrices the eigenvalues \; are real. This can be seen by first left multiplying (C.29)
by (uf)™, where x denotes the complex conjugate, to give

(u)" Au; =\ (u)" u;. (C.31)
Next we take the complex conjugate of (C.29) and left multiply by u; to give
uf Au} = \ujul. (C.32)

where we have used A* = A because we consider only real matrices A. Taking
the transpose of the second of these equations, and using A" = A, we see that the
left-hand sides of the two equations are equal, and hence that A} = \; and so \;
must be real.

The eigenvectors u; of a real symmetric matrix can be chosen to be orthonormal
(i.e., orthogonal and of unit length) so that

u/u; = I (C.33)

where I;; are the elements of the identity matrix I. To show this, we first left multiply
(C.29) by uj to give

uj Au; = \uju; (C.34)
and hence, by exchange of indices, we have

u; Au; = \ju)u;. (C.35)

We now take the transpose of the second equation and make use of the symmetry
property AT = A, and then subtract the two equations to give

(A — Aj)ufu; =0. (C.36)

Hence, for \; # Aj, we have u;ruj = 0, and hence u; and u; are orthogonal. If the
two eigenvalues are equal, then any linear combination au; + Bu; is also an eigen-
vector with the same eigenvalue, so we can select one linear combination arbitrarily,
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and then choose the second to be orthogonal to the first (it can be shown that the de-
generate eigenvectors are never linearly dependent). Hence the eigenvectors can be
chosen to be orthogonal, and by normalizing can be set to unit length. Because there
are M eigenvalues, the corresponding M orthogonal eigenvectors form a complete
set and so any M -dimensional vector can be expressed as a linear combination of
the eigenvectors.

We can take the eigenvectors u; to be the columns of an M x M matrix U,
which from orthonormality satisfies

vt'u=1 (C.37)

Such a matrix is said to be orthogonal. Interestingly, the rows of this matrix are also

orthogonal, so that UUT = I. To show this, note that (C.37) implies UTUU ! =

U-!=U"%andso UU! = UU"T = 1. Using (C.12), it also follows that |U| = 1.
The eigenvector equation (C.29) can be expressed in terms of U in the form

AU =UA (C.38)

where A is an M x M diagonal matrix whose diagonal elements are given by the
eigenvalues \;.
If we consider a column vector x that is transformed by an orthogonal matrix U
to give a new vector
x = Ux (C.39)

then the length of the vector is preserved because

x'x =xTUTUx = xTx (C.40)
and similarly the angle between any two such vectors is preserved because

X'y =x"UTUy =x"y. (C41)

Thus, multiplication by U can be interpreted as a rigid rotation of the coordinate
system.
From (C.38), it follows that

UTAU=A (C42)

and because A is a diagonal matrix, we say that the matrix A is diagonalized by the
matrix U. If we left multiply by U and right multiply by U™, we obtain

A =UAU" (C.43)

Taking the inverse of this equation, and using (C.3) together with U~ = U™, we
have
ATl =UA'UT. (C.44)
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These last two equations can also be written in the form

M
=1
Mo
Al = ;uiuf. (C.46)

If we take the determinant of (C.43), and use (C.12), we obtain
M
Al=T] (C.47)
i=1

Similarly, taking the trace of (C.43), and using the cyclic property (C.8) of the trace
operator together with UTU = I, we have

M

Tr(A) =) A (C.48)

i=1

We leave it as an exercise for the reader to verify (C.22) by making use of the results
(C.33), (C.45), (C.46), and (C.47).

A matrix A is said to be positive definite, denoted by A = 0, if wT Aw > 0 for
all values of the vector w. Equivalently, a positive definite matrix has \; > 0 for all
of its eigenvalues (as can be seen by setting w to each of the eigenvectors in turn,
and by noting that an arbitrary vector can be expanded as a linear combination of the
eigenvectors). Note that positive definite is not the same as all the elements being

positive. For example, the matrix
1 2
< 3 4 > (C.49)

has eigenvalues A\; ~ 5.37 and A\ ~ —0.37. A matrix is said to be positive semidef-
inite if wTAw > 0 holds for all values of w, which is denoted A > 0, and is
equivalent to A\; > 0.






Appendix D. Calculus of Variations

We can think of a function y(x) as being an operator that, for any input value =z,
returns an output value y. In the same way, we can define a functional F[y] to be
an operator that takes a function y(z) and returns an output value F. An example of
a functional is the length of a curve drawn in a two-dimensional plane in which the
path of the curve is defined in terms of a function. In the context of machine learning,
a widely used functional is the entropy H[z] for a continuous variable = because, for
any choice of probability density function p(x), it returns a scalar value representing
the entropy of z under that density. Thus the entropy of p(x) could equally well have
been written as H[p].

A common problem in conventional calculus is to find a value of z that max-
imizes (or minimizes) a function y(z). Similarly, in the calculus of variations we
seek a function y(x) that maximizes (or minimizes) a functional F'[y]. That is, of all
possible functions y(x), we wish to find the particular function for which the func-
tional F'[y] is a maximum (or minimum). The calculus of variations can be used, for
instance, to show that the shortest path between two points is a straight line or that
the maximum entropy distribution is a Gaussian.

If we weren’t familiar with the rules of ordinary calculus, we could evaluate a
conventional derivative dy/dxz by making a small change € to the variable x and
then expanding in powers of ¢, so that

dy

y(x +e) =y(z)+ Ee—kO(ez) (D.1)
and finally taking the limit ¢ — 0. Similarly, for a function of several variables
y(x1,...,xp), the corresponding partial derivatives are defined by

D ay
_ d 2
y(r1 +€1,...,xp +€ep) =y(x1,...,xp) + z; amiez + O(€?). (D.2)
1=

The analogous definition of a functional derivative arises when we consider how
much a functional F'[y] changes when we make a small change en(z) to the function
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Figure D.1

A functional derivative can be defined by 4
considering how the value of a functional
F[y] changes when the function y(z) is
changed to y(x) + en(xz) where n(z) is an
arbitrary function of .

y(z), where n(z) is an arbitrary function of z, as illustrated in Figure D.1. We denote
the functional derivative of E[f] with respect to f(x) by §F/d f(x), and define it by
the following relation:

oF
Fly(z) + en(x)] = Fly(x)] + 6/ Wﬂ(w‘) dz +O(e?). (D.3)
This can be seen as a natural extension of (D.2) in which F'[y] now depends on a
continuous set of variables, namely the values of y at all points z. Requiring that the
functional be stationary with respect to small variations in the function y(x) gives

oF
/ 5y(x)n(x) dz = 0. (D.4)
Because this must hold for an arbitrary choice of 1(z), it follows that the functional
derivative must vanish. To see this, imagine choosing a perturbation 7 () that is zero
everywhere except in the neighbourhood of a point Z, in which case the functional
derivative must be zero at x = 7. However, because this must be true for every
choice of 7, the functional derivative must vanish for all values of z.

Consider a functional that is defined by an integral over a function G(y,y’, =)
that depends on both y(z) and its derivative y'(z) as well as having a direct depen-
dence on x

Flyl = / G (y(a), o (2), ) da D.5)

where the value of y(x) is assumed to be fixed at the boundary of the region of
integration (which might be at infinity). If we now consider variations in the function
y(x), we obtain

Flu(e) +ente)] = Fly(e) + [ {‘25«@ s gjnw} dz +O(). (D.6)

We now have to cast this in the form (D.3). To do so, we integrate the second term by
parts and make use of the fact that n(z) must vanish at the boundary of the integral
(because y(x) is fixed at the boundary). This gives

oG d <8G

Fluta) + )] = Pl ¢ [ {52 = (55) bty o+ 01) @)
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from which we can read off the functional derivative by comparison with (D.3).
Requiring that the functional derivative vanishes then gives

oG d (0G

which are known as the Euler-Lagrange equations. For example, if

G =y(2)* + (v (x))° (D.9)
then the Euler-Lagrange equations take the form

d?y
y(x) i 0. (D.10)
This second order differential equation can be solved for y(z) by making use of the
boundary conditions on y(x).

Often, we consider functionals defined by integrals whose integrands take the
form G(y, x) and that do not depend on the derivatives of y(x). In this case, station-
arity simply requires that G /Qy(x) = 0 for all values of z.

If we are optimizing a functional with respect to a probability distribution, then
we need to maintain the normalization constraint on the probabilities. This is often
most conveniently done using a Lagrange multiplier, which then allows an uncon-
strained optimization to be performed.

The extension of the above results to a multidimensional variable x is straight-
forward. For a more comprehensive discussion of the calculus of variations, see
Sagan (1969).






Appendix E. Lagrange Multipliers

Lagrange multipliers, also sometimes called undetermined multipliers, are used to
find the stationary points of a function of several variables subject to one or more
constraints.

Consider the problem of finding the maximum of a function f(z1, z2) subject to
a constraint relating z; and x5, which we write in the form

g(xy,x2) = 0. (E.1)

One approach would be to solve the constraint equation (E.1) and thus express x2 as
a function of x; in the form x5 = h(x;). This can then be substituted into f(x1,x2)
to give a function of x; alone of the form f(x1, h(z)). The maximum with respect
to 1 could then be found by differentiation in the usual way, to give the stationary
value ¥, with the corresponding value of x5 given by x5 = h(x7).

One problem with this approach is that it may be difficult to find an analytic
solution of the constraint equation that allows x5, to be expressed as an explicit func-
tion of x;. Also, this approach treats x; and x, differently and so spoils the natural
symmetry between these variables.

A more elegant, and often simpler, approach is based on the introduction of a
parameter A called a Lagrange multiplier. We shall motivate this technique from
a geometrical perspective. Consider a D-dimensional variable x with components
x1,...,2p. The constraint equation g(x) = 0 then represents a (D —1)-dimensional
surface in x-space as indicated in Figure E.1.

We first note that at any point on the constraint surface the gradient Vg(x) of
the constraint function will be orthogonal to the surface. To see this, consider a point
x that lies on the constraint surface, and consider a nearby point x + € that also lies
on the surface. If we make a Taylor expansion around x, we have

g(x+€) ~ g(x) + €' Vg(x). (E.2)

Because both x and x + € lie on the constraint surface, we have g(x) = g(x+€) and
hence €TV g(x) ~ 0. In the limit ||e|| — 0 we have €?Vg(x) = 0, and because € is
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Figure E.1 A geometrical picture of the technique of La- V£(x)
grange multipliers in which we seek to maximize a
function f(x), subject to the constraint g(x) = 0.
If x is D dimensional, the constraint g(x) = 0 cor- XA
responds to a subspace of dimensionality D — 1,
indicated by the red curve. The problem can
be solved by optimizing the Lagrangian function

L(x,\) = f(x) + Ag(x).

g(x) =0

then parallel to the constraint surface g(x) = 0, we see that the vector V¢ is normal
to the surface.

Next we seek a point x* on the constraint surface such that f(x) is maximized.
Such a point must have the property that the vector V f(x) is also orthogonal to the
constraint surface, as illustrated in Figure E.1, because otherwise we could increase
the value of f(x) by moving a short distance along the constraint surface. Thus V f
and Vg are parallel (or anti-parallel) vectors, and so there must exist a parameter A
such that

Vf+AVg=0 (E.3)

where A # 0 is known as a Lagrange multiplier. Note that A\ can have either sign.
At this point, it is convenient to introduce the Lagrangian function defined by

L(x,\) = f(x) + Ag(x). (E.4)

The constrained stationarity condition (E.3) is obtained by setting VL = 0. Fur-
thermore, the condition 9L/OA = 0 leads to the constraint equation g(x) = 0.

Thus to find the maximum of a function f(x) subject to the constraint g(x) = 0,
we define the Lagrangian function given by (E.4) and we then find the stationary
point of L(x, A) with respect to both x and A. For a D-dimensional vector x, this
gives D + 1 equations that determine both the stationary point x* and the value of \.
If we are only interested in x*, then we can eliminate A from the stationarity equa-
tions without needing to find its value (hence the term ‘undetermined multiplier’).

As a simple example, suppose we wish to find the stationary point of the function
f(z1,29) =1 — x? — 22 subject to the constraint g(z1,72) = x1 + 22 — 1 = 0, as
illustrated in Figure E.2. The corresponding Lagrangian function is given by

L(x,\) =1—22 — 25+ Ay + 29 — 1). (E.5)

The conditions for this Lagrangian to be stationary with respect to =1, x2, and A give
the following coupled equations:

—2z14+XA = 0 (E.6)

—2x9 + A (E.7)

r1+x2—1 = 0. (E.8)

I
o



Figure E.2 A simple example of the use of Lagrange multipli-

Figure E.3
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ers in which the aim is to maximize f(z1,z2) = 2

1 — xf — 23 subject to the constraint g(x1,z2) = 0
where g(z1,z2) = 1 + x2 — 1. The circles show
contours of the function f(z1, z2), and the diagonal (a7, 23)

line shows the constraint surface g(z1,z2) = 0. /
N .
2N

Solution of these equations then gives the stationary point as (z},23) = (3, 3), and
the corresponding value for the Lagrange multiplier is A = 1.

So far, we have considered the problem of maximizing a function subject to an
equality constraint of the form g(x) = 0. We now consider the problem of maxi-
mizing f(x) subject to an inequality constraint of the form g(x) > 0, as illustrated
in Figure E.3.

There are now two kinds of solution possible, according to whether the con-
strained stationary point lies in the region where g(x) > 0, in which case the con-
straint is inactive, or whether it lies on the boundary g(x) = 0, in which case the
constraint is said to be active. In the former case, the function g(x) plays no role
and so the stationary condition is simply V f(x) = 0. This again corresponds to
a stationary point of the Lagrange function (E.4) but this time with A = 0. The
latter case, where the solution lies on the boundary, is analogous to the equality con-
straint discussed previously and corresponds to a stationary point of the Lagrange
function (E.4) with A # 0. Now, however, the sign of the Lagrange multiplier is
crucial, because the function f(x) will only be at a maximum if its gradient is ori-
ented away from the region g(x) > 0, as illustrated in Figure E.3. We therefore have
Vf(x) = —AVg(x) for some value of A > 0.

For either of these two cases, the product Ag(x) = 0. Thus the solution to the

lllustration of the problem of maximizing Vf(x)
f(x) subject to the inequality constraint
g9(x) = 0.
XA
Vy(x)
® XB
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problem of maximizing f(x) subject to g(x) > 0 is obtained by optimizing the
Lagrange function (E.4) with respect to x and )\ subject to the conditions

gx) = 0 (E.9)
A= 0 (E.10)
Ag(x) = 0 (E.11)

These are known as the Karush-Kuhn-Tucker (KKT) conditions (Karush, 1939; Kuhn
and Tucker, 1951).

Note that if we wish to minimize (rather than maximize) the function f(x) sub-
ject to an inequality constraint g(x) > 0, then we minimize the Lagrangian function
L(x,\) = f(x) — Ag(x) with respect to x, again subject to A > 0.

Finally, it is straightforward to extend the technique of Lagrange multipliers to
the case of multiple equality and inequality constraints. Suppose we wish to maxi-
mize f(x) subjectto g;(x) =0forj=1,...,J,and hy(x) > 0fork =1,..., K.
We then introduce Lagrange multipliers {);} and { }, and then optimize the La-
grangian function given by

J K
L, AN ) = F0O + Y Ngi(x) + ) mhi(x)  (B12)
j=1 k=1

subject to ux > 0 and prhi(x) = 0 for k = 1,..., K. Extensions to constrained
functional derivatives are similarly straightforward. For a more detailed discussion
of the technique of Lagrange multipliers, see Nocedal and Wright (1999).
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1-of-K coding scheme, 424

acceptance criterion, 538, 541, 544

activation function, 180, 213, 227

active constraint, 328, 709

AdaBoost, 657, 658

adaline, 196

adaptive rejection sampling, 530

ADF, see assumed density filtering

AIC, see Akaike information criterion

Akaike information criterion, 33, 217

« family of divergences, 469

« recursion, 620

ancestral sampling, 365, 525, 613

annular flow, 679

AR model, see autoregressive model

arc, 360

ARD, see automatic relevance determination

ARMA, see autoregressive moving average

assumed density filtering, 510

autoassociative networks, 592

automatic relevance determination, 259, 312, 349,
485, 582

autoregressive hidden Markov model, 632

autoregressive model, 609

autoregressive moving average, 304

back-tracking, 415, 630

backgammon, 3

backpropagation, 241

bagging, 656

basis function, 138, 172, 204, 227

batch training, 240

Baum-Welch algorithm, 618

Bayes’ theorem, 15

Bayes, Thomas, 21

Bayesian analysis, vii, 9, 21
hierarchical, 372
model averaging, 654

Bayesian information criterion, 33, 216

Bayesian model comparison, 161, 473, 483

Bayesian network, 360

Bayesian probability, 21

belief propagation, 403

Bernoulli distribution, 69, 113, 685
mixture model, 444

Bernoulli, Jacob, 69

beta distribution, 71, 686

beta recursion, 621

between-class covariance, 189

bias, 27, 149

bias parameter, 138, 181, 227, 346

bias-variance trade-off, 147

BIC, see Bayesian information criterion

binary entropy, 495

binomial distribution, 70, 686
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biological sequence, 610 concentration parameter, 108, 693
bipartite graph, 401 condensation algorithm, 646
bits, 49 conditional entropy, 55
blind source separation, 591 conditional expectation, 20
blocked path, 374, 378, 384 conditional independence, 46, 372, 383
Boltzmann distribution, 387 conditional mixture model, see mixture model
Boltzmann, Ludwig Eduard, 53 conditional probability, 14
Boolean logic, 21 conjugate prior, 68, 98, 117, 490
boosting, 657 convex duality, 494
bootstrap, 23, 656 convex function, 55, 493
bootstrap filter, 646 convolutional neural network, 267
box constraints, 333, 342 correlation matrix, 567
Box-Muller method, 527 cost function, 41
covariance, 20
C4.5, 663 between-class, 189
calculus of variations, 462 within-class, 189
canonical correlation analysis, 565 covariance matrix
canonical link function, 212 diagonal, 84
CART, see classification and regression trees isotropic, 84
Cauchy distribution, 527, 529, 692 partitioned, 85, 307
causality, 366 positive definite, 308
CCA, see canonical correlation analysis Cox’s axioms, 21
central differences, 246 credit assignment, 3
central limit theorem, 78 cross-entropy error function, 206, 209, 235, 631,
chain graph, 393 666
chaining, 555 cross-validation, 32, 161
Chapman-Kolmogorov equations, 397 cumulative distribution function, 18
child node, 361 curse of dimensionality, 33, 36
Cholesky decomposition, 528 curve fitting, 4
chunking, 335
circular normal, see von Mises distribution D map, see dependency map
classical probability, 21 d-separation, 373, 378, 443
classification, 3 DAG, see directed acyclic graph
classification and regression trees, 663 DAGSVM, 339
clique, 385 data augmentation, 537
clustering, 3 data compression, 429
clutter problem, 511 decision boundary, 39, 179
co-parents, 383, 492 decision region, 39, 179
code-book vectors, 429 decision surface, see decision boundary
combining models, 45, 653 decision theory, 38
committee, 655 decision tree, 654, 663, 673
complete data set, 440 decomposition methods, 335
completing the square, 86 degrees of freedom, 559
computational learning theory, 326, 344 degrees-of-freedom parameter, 102, 693

concave function, 56 density estimation, 3, 67



density network, 597

dependency map, 392

descendant node, 376

design matrix, 142, 347
differential entropy, 53

digamma function, 687

directed acyclic graph, 362
directed cycle, 362

directed factorization, 381
Dirichlet distribution, 76, 687
Dirichlet, Lejeune, 77

discriminant function, 43, 180, 181
discriminative model, 43, 203
distortion measure, 424
distributive law of multiplication, 396
DNA, 610

document retrieval, 299

dual representation, 293, 329
dual-energy gamma densitometry, 678
dynamic programming, 411
dynamical system, 548

E step, see expectation step
early stopping, 259
ECM, see expectation conditional maximization
edge, 360
effective number of observations, 72, 101
effective number of parameters, 9, 170, 281
elliptical K-means, 444
EM, see expectation maximization
emission probability, 611
empirical Bayes, see evidence approximation
energy function, 387
entropy, 49
conditional, 55
differential, 53
relative, 55
EP, see expectation propagation
e-tube, 341
e-insensitive error function, 340
equality constraint, 709
equivalent kernel, 159, 301
erf function, 211
error backpropagation, see backpropagation
error function, 5, 23
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error-correcting output codes, 339
Euler, Leonhard, 465
Euler-Lagrange equations, 705
evidence approximation, 165, 347, 581
evidence function, 161
expectation, 19
expectation conditional maximization, 454
expectation maximization, 113, 423, 440
Gaussian mixture, 435
generalized, 454
sampling methods, 536
expectation propagation, 315, 468, 505
expectation step, 437
explaining away, 378
exploitation, 3
exploration, 3
exponential distribution, 526, 688
exponential family, 68, 113, 202, 490
extensive variables, 490

face detection, 2
face tracking, 355
factor analysis, 583

mixture model, 595
factor graph, 360, 399, 625
factor loading, 584
factorial hidden Markov model, 633
factorized distribution, 464, 476
feature extraction, 2
feature map, 268
feature space, 292, 586
Fisher information matrix, 298
Fisher kernel, 298
Fisher’s linear discriminant, 186
flooding schedule, 417
forward kinematics, 272
forward problem, 272
forward propagation, 228, 243
forward-backward algorithm, 618
fractional belief propagation, 517
frequentist probability, 21
fuel system, 376
function interpolation, 299
functional, 462, 703

derivative, 463
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gamma densitometry, 678 undirected, 360
gamma distribution, 529, 688 Green’s function, 299
gamma function, 71 GTM, see generative topographic mapping
gating function, 672
Gauss, Carl Friedrich, 79 Hamilton, William Rowan, 549
Gaussian, 24, 78, 688 Hamiltonian dynamics, 548
conditional, 85, 93 Hamiltonian function, 549
marginal, 88, 93 Hammersley-Clifford theorem, 387
maximum likelihood, 93 handwriting recognition, 1, 610, 614
mixture, 110, 270, 273, 430 handwritten digit, 565, 614, 677
sequential estimation, 94 head-to-head path, 376
sufficient statistics, 93 head-to-tail path, 375
wrapped, 110 Heaviside step function, 206
Gaussian kernel, 296 Hellinger distance, 470
Gaussian process, 160, 303 Hessian matrix, 167, 215, 217, 238, 249
Gaussian random field, 305 diagonal approximation, 250
Gaussian-gamma distribution, 101, 690 exact evaluation, 253
Gaussian-Wishart distribution, 102, 475, 478, 690 fast multiplication, 254
GEM, see expectation maximization, generalized finite differences, 252
generalization, 2 inverse, 252
generalized linear model, 180, 213 outer product approximation, 251
generalized maximum likelihood, see evidence ap- heteroscedastic, 273, 311
proximation hidden Markov model, 297, 610
generative model, 43, 196, 297, 365, 572, 631 autoregressive, 632
generative topographic mapping, 597 factorial, 633
directional curvature, 599 forward-backward algorithm, 618
magnification factor, 599 input-output, 633
geodesic distance, 596 left-to-right, 613
Gibbs sampling, 542 maximum likelihood, 615
blocking, 546 scaling factor, 627
Gibbs, Josiah Willard, 543 sum-product algorithm, 625
Gini index, 666 switching, 644
global minimum, 237 variational inference, 625
gradient descent, 240 hidden unit, 227
Gram matrix, 293 hidden variable, 84, 364, 430, 559
graph-cut algorithm, 390 hierarchical Bayesian model, 372
graphical model, 359 hierarchical mixture of experts, 673
bipartite, 401 hinge error function, 337
directed, 360 Hinton diagram, 584
factorization, 362, 384 histogram density estimation, 120
fully connected, 361 HME, see hierarchical mixture of experts
inference, 393 hold-out set, 11
tree, 398 homogeneous flow, 679
treewidth, 417 homogeneous kernel, 292

triangulated, 416 homogeneous Markov chain, 540, 608



Hooke’s law, 580

hybrid Monte Carlo, 548

hyperparameter, 71, 280, 311, 346, 372, 502
hyperprior, 372

I map, see independence map

i.i.d., see independent identically distributed
ICA, see independent component analysis
ICM, see iterated conditional modes

ID3, 663

identifiability, 435

image de-noising, 387

importance sampling, 525, 532

importance weights, 533

improper prior, 118, 259, 472

imputation step, 537

imputation-posterior algorithm, 537
inactive constraint, 328, 709

incomplete data set, 440

independence map, 392

independent component analysis, 591
independent factor analysis, 592
independent identically distributed, 26, 379
independent variables, 17

independent, identically distributed, 605
induced factorization, 485

inequality constraint, 709

inference, 38, 42

information criterion, 33

information geometry, 298

information theory, 48

input-output hidden Markov model, 633
intensive variables, 490

intrinsic dimensionality, 559

invariance, 261

inverse gamma distribution, 101

inverse kinematics, 272

inverse problem, 272

inverse Wishart distribution, 102

IP algorithm, see imputation-posterior algorithm
IRLS, see iterative reweighted least squares
Ising model, 389

isomap, 596

isometric feature map, 596

iterated conditional modes, 389, 415
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iterative reweighted least squares, 207, 210, 316,

354, 672

Jacobian matrix, 247, 264
Jensen’s inequality, 56

join tree, 416

junction tree algorithm, 392, 416

K nearest neighbours, 125
K-means clustering algorithm, 424, 443
K-medoids algorithm, 428
Kalman filter, 304, 637
extended, 644
Kalman gain matrix, 639
Kalman smoother, 637
Karhunen-Loeéve transform, 561

Karush-Kuhn-Tucker conditions, 330, 333, 342,
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kernel density estimator, 122, 326
kernel function, 123, 292, 294

Fisher, 298

Gaussian, 296

homogeneous, 292

nonvectorial inputs, 297

stationary, 292
kernel PCA, 586
kernel regression, 300, 302
kernel substitution, 292
kernel trick, 292
kinetic energy, 549
KKT, see Karush-Kuhn-Tucker conditions
KL divergence, see Kullback-Leibler divergence
kriging, see Gaussian process
Kullback-Leibler divergence, 55, 451, 468, 505

Lagrange multiplier, 707
Lagrange, Joseph-Louis, 329
Lagrangian, 328, 332, 341, 708
laminar flow, 678

Laplace approximation, 213, 217, 278, 315, 354
Laplace, Pierre-Simon, 24

large margin, see margin

lasso, 145

latent class analysis, 444

latent trait model, 597

latent variable, 84, 364, 430, 559
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lattice diagram, 414, 611, 621, 629
LDS, see linear dynamical system
leapfrog discretization, 551
learning, 2
learning rate parameter, 240
least-mean-squares algorithm, 144
leave-one-out, 33
likelihood function, 22
likelihood weighted sampling, 534
linear discriminant, 181
Fisher, 186
linear dynamical system, 84, 635
inference, 638
linear independence, 696
linear regression, 138
EM, 448
mixture model, 667
variational, 486
linear smoother, 159
linear-Gaussian model, 87, 370
linearly separable, 179
link, 360
link function, 180, 213
Liouville’s Theorem, 550
LLE, see locally linear embedding
LMS algorithm, see least-mean-squares algorithm
local minimum, 237
local receptive field, 268
locally linear embedding, 596
location parameter, 118
log odds, 197
logic sampling, 525
logistic regression, 205, 336
Bayesian, 217, 498
mixture model, 670
multiclass, 209
logistic sigmoid, 114, 139, 197, 205, 220, 227, 495
logit function, 197
loopy belief propagation, 417
loss function, 41
loss matrix, 41
lossless data compression, 429
lossy data compression, 429
lower bound, 484

M step, see maximization step

machine learning, vii
macrostate, 51
Mahalanobis distance, 80
manifold, 38, 590, 595, 681
MAP, see maximum posterior
margin, 326, 327, 502
error, 334
soft, 332
marginal likelihood, 162, 165
marginal probability, 14
Markov blanket, 382, 384, 545
Markov boundary, see Markov blanket
Markov chain, 397, 539
first order, 607
homogeneous, 540, 608
second order, 608
Markov chain Monte Carlo, 537
Markov model, 607
homogeneous, 612
Markov network, see Markov random field
Markov random field, 84, 360, 383
max-sum algorithm, 411, 629
maximal clique, 385
maximal spanning tree, 416
maximization step, 437
maximum likelihood, 9, 23, 26, 116
Gaussian mixture, 432
singularities, 480
type 2, see evidence approximation
maximum margin, see margin
maximum posterior, 30, 441
MCMC, see Markov chain Monte Carlo
MDN, see mixture density network
MDS, see multidimensional scaling
mean, 24
mean field theory, 465
mean value theorem, 52
measure theory, 19
memory-based methods, 292
message passing, 396
pending message, 417
schedule, 417
variational, 491
Metropolis algorithm, 538
Metropolis-Hastings algorithm, 541



microstate, 51
minimum risk, 44
Minkowski loss, 48
missing at random, 441, 579
missing data, 579
mixing coefficient, 111
mixture component, 111
mixture density network, 272, 673
mixture distribution, see mixture model
mixture model, 162, 423
conditional, 273, 666
linear regression, 667
logistic regression, 670
symmetries, 483
mixture of experts, 672
mixture of Gaussians, 110, 270, 273, 430
MLP, see multilayer perceptron
MNIST data, 677
model comparison, 6, 32, 161, 473, 483
model evidence, 161
model selection, 162
moment matching, 506, 510
momentum variable, 548
Monte Carlo EM algorithm, 536
Monte Carlo sampling, 24, 523
Moore-Penrose pseudo-inverse, see pseudo-inverse
moralization, 391, 401
MRE, see Markov random field
multidimensional scaling, 596
multilayer perceptron, 226, 229
multimodality, 272
multinomial distribution, 76, 114, 690
multiplicity, 51
mutual information, 55, 57

Nadaraya-Watson, see kernel regression
naive Bayes model, 46, 380
nats, 50
natural language modelling, 610
natural parameters, 113
nearest-neighbour methods, 124
neural network, 225

convolutional, 267

regularization, 256

relation to Gaussian process, 319
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Newton-Raphson, 207, 317

node, 360

noiseless coding theorem, 50
nonidentifiability, 585

noninformative prior, 23, 117

nonparametric methods, 68, 120

normal distribution, see Gaussian

normal equations, 142

normal-gamma distribution, 101, 691
normal-Wishart distribution, 102, 475, 478, 691
normalized exponential, see softmax function
novelty detection, 44

v-SVM, 334

object recognition, 366

observed variable, 364

Occam factor, 217

oil flow data, 34, 560, 568, 678

OIld Faithful data, 110, 479, 484, 681
on-line learning, see sequential learning
one-versus-one classifier, 183, 339
one-versus-the-rest classifier, 182, 338
ordered over-relaxation, 545
Ornstein-Uhlenbeck process, 305
orthogonal least squares, 301

outlier, 44, 185, 212

outliers, 103

over-fitting, 6, 147, 434, 464
over-relaxation, 544

PAC learning, see probably approximately correct
PAC-Bayesian framework, 345
parameter shrinkage, 144
parent node, 361
particle filter, 645
partition function, 386, 554
Parzen estimator, see kernel density estimator
Parzen window, 123
pattern recognition, vii
PCA, see principal component analysis
pending message, 417
perceptron, 192
convergence theorem, 194
hardware, 196
perceptron criterion, 193
perfect map, 392
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periodic variable, 105
phase space, 549
photon noise, 680
plate, 363
polynomial curve fitting, 4, 362
polytree, 399
position variable, 548
positive definite covariance, 81
positive definite matrix, 701
positive semidefinite covariance, 81
positive semidefinite matrix, 701
posterior probability, 17
posterior step, 537
potential energy, 549
potential function, 386
power EP, 517
power method, 563
precision matrix, 85
precision parameter, 24
predictive distribution, 30, 156
preprocessing, 2
principal component analysis, 561, 572, 593
Bayesian, 580
EM algorithm, 577
Gibbs sampling, 583
mixture distribution, 595
physical analogy, 580
principal curve, 595
principal subspace, 561
principal surface, 596
prior, 17
conjugate, 68, 98, 117, 490
consistent, 257
improper, 118, 259, 472
noninformative, 23, 117
probabilistic graphical model, see graphical model
probabilistic PCA, 570
probability, 12
Bayesian, 21
classical, 21
density, 17
frequentist, 21
mass function, 19
prior, 45
product rule, 13, 14, 359

sum rule, 13, 14, 359

theory, 12
probably approximately correct, 344
probit function, 211, 219
probit regression, 210
product rule of probability, 13, 14, 359
proposal distribution, 528, 532, 538
protected conjugate gradients, 335
protein sequence, 610
pseudo-inverse, 142, 185
pseudo-random numbers, 526

quadratic discriminant, 199
quality parameter, 351

radial basis function, 292, 299
Rauch-Tung-Striebel equations, 637
regression, 3
regression function, 47, 95
regularization, 10

Tikhonov, 267
regularized least squares, 144
reinforcement learning, 3
reject option, 42, 45
rejection sampling, 528
relative entropy, 55
relevance vector, 348
relevance vector machine, 161, 345
responsibility, 112, 432, 477
ridge regression, 10
RMS error, see root-mean-square error
Robbins-Monro algorithm, 95
robot arm, 272
robustness, 103, 185
root node, 399
root-mean-square error, 6
Rosenblatt, Frank, 193
rotation invariance, 573, 585
RTS equations, see Rauch-Tung-Striebel equations
running intersection property, 416
RVM, see relevance vector machine

sample mean, 27

sample variance, 27
sampling-importance-resampling, 534
scale invariance, 119, 261



scale parameter, 119
scaling factor, 627
Schwarz criterion, see Bayesian information crite-
rion
self-organizing map, 598
sequential data, 605
sequential estimation, 94
sequential gradient descent, 144, 240
sequential learning, 73, 143
sequential minimal optimization, 335
serial message passing schedule, 417
Shannon, Claude, 55
shared parameters, 368
shrinkage, 10
Shur complement, 87
sigmoid, see logistic sigmoid
simplex, 76
single-class support vector machine, 339
singular value decomposition, 143
sinusoidal data, 682
SIR, see sampling-importance-resampling
skip-layer connection, 229
slack variable, 331
slice sampling, 546
SMO, see sequential minimal optimization
smoother matrix, 159
smoothing parameter, 122
soft margin, 332
soft weight sharing, 269
softmax function, 115, 198, 236, 274, 356, 497
SOM, see self-organizing map
sparsity, 145, 347, 349, 582
sparsity parameter, 351
spectrogram, 606
speech recognition, 605, 610
sphereing, 568
spline functions, 139
standard deviation, 24
standardizing, 425, 567
state space model, 609
switching, 644
stationary kernel, 292
statistical bias, see bias
statistical independence, see independent variables
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statistical learning theory, see computational learn-
ing theory, 326, 344

steepest descent, 240
Stirling’s approximation, 51
stochastic, 5
stochastic EM, 536
stochastic gradient descent, 144, 240
stochastic process, 305
stratified flow, 678
Student’s t-distribution, 102, 483, 691
subsampling, 268
sufficient statistics, 69, 75, 116
sum rule of probability, 13, 14, 359
sum-of-squares error, 5, 29, 184, 232, 662
sum-product algorithm, 399, 402

for hidden Markov model, 625
supervised learning, 3
support vector, 330
support vector machine, 225

for regression, 339

multiclass, 338
survival of the fittest, 646
SVD, see singular value decomposition
SVM, see support vector machine
switching hidden Markov model, 644
switching state space model, 644
synthetic data sets, 682

tail-to-tail path, 374

tangent distance, 265

tangent propagation, 262, 263
tapped delay line, 609

target vector, 2

test set, 2, 32

threshold parameter, 181

tied parameters, 368

Tikhonov regularization, 267
time warping, 615

tomography, 679

training, 2

training set, 2

transition probability, 540, 610
translation invariance, 118, 261
tree-reweighted message passing, 517
treewidth, 417
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trellis diagram, see lattice diagram

triangulated graph, 416

type 2 maximum likelihood, see evidence approxi-
mation

undetermined multiplier, see Lagrange multiplier
undirected graph, see Markov random field
uniform distribution, 692

uniform sampling, 534

uniquenesses, 584

unobserved variable, see latent variable
unsupervised learning, 3

utility function, 41

validation set, 11, 32

Vapnik-Chervonenkis dimension, 344

variance, 20, 24, 149

variational inference, 315, 462, 635
for Gaussian mixture, 474
for hidden Markov model, 625
local, 493

VC dimension, see Vapnik-Chervonenkis dimen-

sion

vector quantization, 429

vertex, see node

visualization, 3

Viterbi algorithm, 415, 629

von Mises distribution, 108, 693

wavelets, 139
weak learner, 657
weight decay, 10, 144, 257
weight parameter, 227
weight sharing, 268

soft, 269
weight vector, 181
weight-space symmetry, 231, 281
weighted least squares, 668
well-determined parameters, 170
whitening, 299, 568
Wishart distribution, 102, 693
within-class covariance, 189
Woodbury identity, 696
wrapped distribution, 110

Yellowstone National Park, 110, 681





